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ABSTRACT IN ENGLISH

Quantum computing is an emerging paradigm promising a significant performance jump in

some specific applications compared to classical computing. This paradigm brings the

theories of quantum mechanics such as superposition and entanglement and leverages them to

enable parallel information processing. While the technology advances to maturity, many big

tech players such as IBM (Qiskit) are developing simulation tools to experiment with this new

type of problem solving. One of the fields that are assumed to make the most out of the

quantum era is the field of quantitative finance. The latter relies heavily on applied

mathematical models with the aim to interpret financial markets. These mathematical models

with the assistance of the field of computing allow financial analysts to solve complex

financial problems such as portfolio optimization and options pricing. This report aims to

provide a thorough analysis of currently adopted quantum methods to price options. The

report, furthermore, suggests ways to improve and extend these quantum methods to more

complex variations of the option pricing problem.

Keywords: Quantum computing, options pricing, Qiskit
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ABSTRACT IN FRENCH

L’informatique quantique est un paradigme émergent qui promet une performance

significative dans quelques applications spécifiques par rapport à l’informatique classique. Ce

paradigme avance les théories de la mécanique quantique comme la superposition et

l’intrication et l’exploite pour permettre le traitement parallèle de l’information. Tandis que la

technologie progresse vers la maturité, de nombreux acteurs importants de la tech comme

IBM (QISKIT) développent des outils de simulations pour expérimenter ce nouveau type de

résolution de problème. Un des domaines où on prévoit une grande utilisation de l’ère du

quantique est le domaine de la finance quantitative. Ce dernier s’appuie fortement sur des

modèles mathématiques appliqués dans le but d’interpréter les marchés financiers. Ces

modèles mathématiques avec l'aide du domaine de l'informatique permettent aux analystes

financiers de résoudre des problèmes financiers complexes tels que l'optimisation de

portefeuille et la valorisation des options. Ce rapport vise à fournir une analyse approfondie

des méthodes quantiques actuellement adoptées pour évaluer les options. Il suggère en outre

des moyens d'améliorer et d'étendre ces méthodes quantiques à des variations plus complexes

du problème de valorisation des options.

Mots-clés : informatique quantique, valorisation des options, Qiskit

x



1 INTRODUCTION

Options are financial derivatives designed to hedge the risk associated with an investment in

one or many underlying assets. Buying an option grants the investor the right but not the

obligation to buy or sell (depending on the type of the option) the underlying asset(s) at an

agreed upon price called the strike price. The two types of options are put and call options

where put ones grant the investor to sell and put ones to buy the underlying asset or basket of

assets. In fact, many use the insurance analogy to better understand the functioning of options.

The analogy considers options as an investment insurance where no matter how the price of

the underlying asset(s) fluctuates, the investor gets to buy or sell it at the strike price avoiding

any incurring loss due to the price fluctuation. Figure 1.1 illustrates the rationale behind

options derivatives.

Figure 1.1 Investment with and without options comparison
1



Given the general concept of options, they come in many variations depending on their

characteristics namely underlying asset(s), execution time, and payoff style. Table 1.1

showcases the different variations of options and their descriptions.

Variation Description

European Options Contrary to what the name suggests,

these options are not tied in any way to

Europe. We call an option European if it

can only be exercised at its expiration

date.

American Options These options, unlike European ones,

can be executed at any point of time

before their expiration date.

Bermudian Options These options have specific dates before

maturity when they can be exercised.

Asian Options These options have a different way of

calculating the payoff and it is based on

the average of underlying price over a

predetermined period of time.

Barrier Options As the name suggests, these options can

only be exercised when the underlying

asset(s) price exceeds a certain barrier

price.

Binary Options These options expire based on an agreed

upon condition on the underlying

asset(s) price

Exotic Options These options group all the other

2



Variation Description

European Options Contrary to what the name suggests,

these options are not tied in any way to

Europe. We call an option European if it

can only be exercised at its expiration

date.

variations of assets that are based on

complex financial structures

Table 1.1 Options Variations and their Descriptions

The variations of options come with different complexities in dealing with them, yet they

serve the same purpose of hedging risk. By far, the importance of options in achieving the

latter is crystal clear and their execution complexities are manageable once one gets a grasp of

them. However, the real complexity resides in determining a price for these instruments, a fair

price for the risk the investor delegates to the option issuer.

There has been extensive work channeled towards determining a model to fairly price options.

In fact, models of different complexities exist to price the different variations of options. An

example would be the Black-Scholes pricing model (BSM) for European options, a Nobel

prize winner model in economics. These models gave birth to computer algorithms designed

specifically to price these securities. Keeping the same example, the Black-Scholes model

(BSM) is computer enabled by Monte-Carlo simulations. As the complexity and required

estimation precision in these models grow, their reliability on high computing power follows.

Quantum computing joins the equation to answer such a need. This paradigm is more adapted

to the nature of mathematical models behind option pricing techniques as it works with

probabilities out of the box. In an attempt to leverage the latter advantage, equivalent quantum

algorithms were developed offering a major speedup compared to the classical ones. This

report focuses on European call options by presenting the quantum amplitude estimation

(QAE) algorithm, its implementation, and a comparison of its performance and the

Monte-Carlo simulations method on classical computers. The report, also, explores further

performance improvement through a combination of quantum and classical machine learning.

Finally, the report attempts to extend the achieved results to other variations of options. To

3



achieve the aforementioned milestones, I will start by conducting a literature review to

identify where the scientific community stands with regards to solving the option pricing

problem. Then, the methods and tools used will be detailed to demonstrate the process by

which the results were achieved. Next, the implementation of the different algorithms will be

presented and demoed in work using visuals. Finally, the results achieved will be included in

such a way to ease performance comparison.

4



2 LITERATURE REVIEW

In [1], Woerner and Egger developed a quantum method to achieve financial risk analysis, a

key aspect in most financial applications. These two researchers developed an algorithm

promising a quadratic speedup and more accurate analysis compared to the classical

Monte-Carlo simulations. The paper, quantum risk analysis, focused mainly on securities

pricing as well as key risk indicators such as value at risk (VAR) and conditional value at risk

(CVAR). To achieve the presented results, Qiskit, a python-based library for quantum

algorithms implementation, was used allowing the researchers to simulate the outcome of the

developed algorithm as well as test it on real quantum hardware. Figure 2.1 compares the

convergence in estimation error of the quantum algorithm to classical Monte-Carlo

simulations

Figure 2.1 Comparison between error convergence of quantum amplitude

estimation (QAE) and Monte-Carlo simulations [1]

As shown in Figure 2.1, quantum amplitude estimation starts with a higher estimation error.

However, as samples’ number increases the quantum methods converge to a significantly

lower estimation error providing a more accurate price estimation. In terms of the speedup,

while Monte-Carlo simulation performs in O(M-½), the quantum algorithm converges to

O(M-1) as M, the number of samples, increases. Thus, there is quadratic speedup of the

quantum algorithm compared to the classical one.

5



Based on the results of [1], [2] attempts to leverage the general-purpose quantum pricing

technique in estimating the price of different types of option contracts. The method focused on

loading the probability distribution followed by the price of the underlying asset(s) into a

quantum register and then adapting the available pricing models such as the Black and

Scholes model (BSM) to the quantum methods to finally be able to apply quantum algorithms

to get a price estimation. The method experimented with different variations of options and

gave positive results. Figure 2.2 and 2.3 present a comparison between Monte-Carlo

simulations results and quantum algorithm ones on pricing a European call option and a

barrier option.

Figure 2.2 Comparison between pricing call options using Monte-Carlo

simulations and Quantum amplitude estimation with respect to number of qubits

employed [2]
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Figure 2.3 Comparison between Monte-Carlo simulations and quantum

amplitude estimation in pricing barrier options [2]

The red dashed line represents the price estimated using Monte-Carlo simulations whereas the

blue line represents the price estimated using quantum amplitude estimation (QAE). We can

see that in both variations of options quantum amplitude estimation predicts accurate results

as the number of qubits grows and assuming the quadratic speedup discussed in [1], we can

conclude the superiority of the quantum method compared to the classical one.

7



3 FEASIBILITY STUDY

The feasibility of the capstone object relies mainly on three different phases. The first phase

involves mathematical modeling based on linear algebra and probability theory. It is crucial

for the sake of coming up with valuable findings as well as achieving a working

implementation to make the mathematical modeling phase a success. Given the mathematical

foundation acquired through the engineering curriculum at Al Akhawayn University in Ifrane

(AUI) in addition to the open-source resources published by big quantum companies such as

IBM, the phase of mathematically modeling the financial problems would go smoothly. The

final phase deals with quantum design and implementation. In this phase, several resources

and tools are available for free to power the design and implementation of the quantum

solution. These tools and resources are well structured and documented and are based on

available technologies that are widely used in the computer science curriculum at AUI. These

technologies include Python as a programming language for example. As the first phase is

mainly research based, no software tools are needed for its success. It will mainly rely on

financial analysis methods acquired through minor classes, the literature available, and the

help of experts in financial analysis. The mathematical analysis phase, on the other hand, will

be powered by the available literature on the different financial theories as well as quantum

algorithms. Finally, the quantum design and implementation phase will rely on the IBM Qiskit

toolkit which includes Qiskit Metal for circuit design and Qiskit for circuit implementation.

Both are open-source and well documented and therefore no further training is needed.

The above-mentioned tools are familiar through different classes I took at AUI. In the

computer communication class, for example, I was exposed to Matlab and Simulink during

the labs and had the chance to experiment with these tools under the supervision of an expert.

Python, on which Qiskit is based, is a language that I heavily worked with in classes such as

languages and compilers and introduction to artificial intelligence in addition to internships

and work experiences in which I was developing viable solutions using Python. Moreover, as

an honors student, I had the chance to dive deeper into quantum computing through some

honors components in which I was able to have hands-on experience with Qiskit, which eases

the design and implementation of this capstone’s object.
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4 METHOD
4.1 Context

Before indulging in the process of unfolding options pricing using quantum computing, I

deem it worth mentioning the reasons behind embarking in such an adventure as my capstone.

These reasons elaborate on some aspects of the methodology used to approach the object

which make it a relevant part to the report.

My first encounter with quantum computing was through an honors component of one of the

courses at AUI. In fact, I have heard of the technology before but I did not expect its current

maturity. In the honors component, I had the chance to learn the basics of this new computing

paradigm as well as implement some of the most famous quantum algorithms. The amount of

information I was exposed to was more than enough to make me realize that I am eager to

learn more about the topic. By this time, I have already decided that my capstone project

would include quantum computing in a way or another. In parallel to my passion for quantum

computing, I was developing a passion for finance. I knew that I wanted to innovate in it

using quantum computing and computer science in general as a tool. Therefore, my topic for

the capstone became quantum computing for financial applications.

Given the broad nature of my capstone object, I had to adapt the methodology adopted to

include an investigation phase where I had to identify relevant financial problems in

nowadays financial sector all while taking into account its compatibility with the quantum

methods. After all, using quantum computing should target specific problems where it can

provide a performance jump. After intensive research in the literature as well as faculty and

experts advice, the choice was set on the problem of options pricing. As complicated these

derivatives can get, the methodology focused on implementing a viable solution for the easiest

variation (european options) and then attempting to scale it to further complex variations.

Moreover, the methodology relies on approaching the problem and its quantum solution from

three different aspects: the financial, the mathematical, and the quantum. The financial aspect

elaborates on the financial theory modeling the problem. The mathematical aspect focuses on

explaining

the mathematical reasoning behind the quantum solution and how it relates to the financial

theory. Finally, the quantum aspect tackles the footprint of the quantum implementation of the

solution.

9



4.2 Financial Problem

4.2.1 Derivatives Market

In order to unravel the financial theory behind options, it is important to have a holistic view

on the derivatives market in general. Derivatives, as the name suggests, are complex financial

securities that derive their value from one underlying asset, multiple ones, or a benchmark [3].

Derivatives contracts might involve two or more traders and can be used to speculate in a

market or hedge the risk of an underlying asset(s). Examples of derivatives contracts include

futures, swaps, and options on which the focus will be put in the next sections.

4.2.2 Options

To further support the introduction to options given in previous sections, defining these

derivatives using their financial jargon is essential. Options contracts offer to its buyer the

right but not the obligation to sell (put options) or buy (call options) an underlying asset or a

basket of underlying assets at an exertion price called the strike price. A key feature of options

relies in the fact that it does not impose the obligation to exercise the option allowing the

buyer to make the exertion decision based on the market price and its relation to the strike

price. The latter relation is defined based on the type of the option. Table 4.1 showcases the

three relations between the price of underlying asset(s) and the strike price with respect to the

option type.

Put Option Call Option

Asset Price < Strike In the money Out of the money

Asset Price = Strike At the money At the money

Asset Price > Strike Out of money In the money

Table 4.1 Different Relationships Between Options’ Underlying

Asset(s) Price and their Strike Price

In practice, the abovementioned relationship contributes to the value of the option. “In the

money” options tend to be more valuable as there is a higher chance of execution than “at the

10



money” and “out of the money” options. Similarly, “at the money” options are more valuable

than “out of the money” ones since it is expected that given enough time they will converge to

become “in the money” with asset price fluctuation.

Options value is more concreticized through their payoff. The latter is basically the profit

gained or the loss avoided through the option. A call option, for example, would have a payoff

of zero if the price of the asset is under the strike since the investor does not need to execute

the option and can get a better deal buying the asset from the market. The payoff would then

increase as the difference between asset price and the strike increases. Conversely, a put

option has a payoff of zero if the market price of the option is greater than the strike as the

investor would make more profit selling in the market. Afterwards, the payoff increases as a

function of the spread between the market price and the strike. Figure 4.1 and 4.2 summarize

the behavior of call and put options payoff respectively [4].

Figure 4.1 Call Option Payoff Diagram (Premium Not Considered)
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Figure 4.2 Put Options Payoff Diagram (Premium Not Considered)

4.2.3 European Options

European options, also called vanilla options, are the simplest form of these derivatives

products. Their simplicity resides in the fact that they can only be exercised at their maturity

date which reduces their variability making them easier to price. Considering the problem of

pricing options is a complicated one in general, this report focuses on european options

pricing and discusses the potential of scaling the quantum solution to more complex variations

of these derivative products namely american options.

4.2.4 European Options Pricing

Two pricing methods of European option pricing are the Black-Scholes method and the Monte

Carlo Method. One is mathematics based (BSM) and the other is computer-based

(Monte-Carlo).

4.2.4.1 Black-Scholes Method (BSM)

Over the time, many models for pricing derivative products in general and options specifically

were developed to solve the problem using different approaches with different accuracies.

Among these models is the Black-Scholes model. The latter is considered to be a

breakthrough in the field of quantitative finance [5] and is awarded a Nobel prize in

economics accordingly. Black and Scholes were able to set up a differential equation for

12



pricing derivative products that are based on non-dividend paying securities such as stocks for

example. Later on Merton extended the model to include dividend paying securities. BSM

takes into account some variables in the process of pricing options. These variables when

approaching them from a financial perspective appear to be intuitive. The first variable is the

current price of the underlying asset. Putting historical price data appart, this variable is the

only reference an investor can use to evaluate how the price will evolve in the future as well

as how relevant is buying an option contract on that asset (through comparing the price of the

asset to the strike price). The second variable is the strike price of the option. The latter, when

compared to the price of the underlying asset, indicates how much of the risk associated with

price fluctuations is initially covered by the option. Intuitively, as the risk covered increases

the value of the option increases justifying the importance of the strike price in the equation.

The third variable is the time to maturity of the option. Considering that prices fluctuate with

time, one option would be more valuable than the other given that it has more time until

execution as it covers more price fluctuations and thus the relevance of the variable in the

equation. The fourth variable is the risk free annual interest rate. This variable acts as a

benchmark of the risk which showcases its importance in the BSM. The last variable is the

implied volatility of the underlying asset. The more volatile the underlying asset is the more

valuable the option would be given that a high volatility implies that the option issuer is

bearing high risk that should be projected on the fair price of the option.

The Black-Scholes model, like any model, works under some basic assumptions. The latter

are listed below:

● Markets operate continuously twenty four hours a day.

● Markets are efficient in terms of presence of arbitrage.

● The risk free interest rate does not change as time passes.

● The underlying asset’s price volatility is constant.

● The underlying asset’s price movement follows a log-normal distribution.

● The underlying asset is non dividends paying.

Considering the above-mentioned variables and assumptions. The Black and Scholes

differential equation is as follow:

𝑃 =  𝑆 × 𝑁𝑜𝑟𝑚𝑎𝑙(𝑑1) −  𝐾𝑒−𝑖𝑇 ×  𝑁𝑜𝑟𝑚𝑎𝑙(𝑑2)                                (1)

13



Where:

𝑑1 =
𝑙𝑛( 𝑆

𝐾 ) + (𝑖 + σ2

2 )𝑇

σ 𝑇
   

And:

𝑑2 =  𝑑1 −  σ𝑇

● P is the calculated price of the option

● S is the current price of the underlying asset

● K is the strike price of the option

● T is the time to maturity of the option

● σ is the implied volatility of the underlying asset

● is the risk free annual interest rate𝑖

In the mathematical analysis section, I will elaborate more on the rationale behind the

Black-Scholes differential equation.

4.2.4.2 Monte-Carlo Method

The Monte-Carlo pricing method is a straightforward brute force approach to pricing options.

It relies on leveraging the huge and available computing power to simulate different scenarios

of price fluctuations over a period of time. These simulations allow a viable estimation of the

future price of options which can then be discounted back to present to uncover their current

value. In practice, the Monte-Carlo method uses the Black and Scholes formula to generate

the different price paths over the specified period of time. While this method works well for

pricing options, it gets slower and slower as the number of price path simulations increases.

The latter is only natural given the computing power consumption of the method.

An implementation of the Monte-Carlo method is detailed in the implementation section and

its results are discussed in the results section including a comparison of its performance with

the quantum solution one.

4.3 Quantum Analysis

4.3.1 Gate-Based Quantum Computing

Before indulging in the process of quantum solution exploration, it is important to set a basis

on which we can build the elaboration. This basis consists of the basics of quantum computing

in general and its gate-based approach in particular.
14



Quantum computing is the attempt to bring the properties of quantum mechanics and adapt

them to the field of computing enabling a new approach to the field of computing. While

classical computing is built around bits that evaluate to either 1 or 0, quantum computing has

its own version called qubits. The latter can be 0, 1, or a superposition of both states with

different probabilities. Figure 4.3 emphasizes the difference between bits and qubits

Figure 4.3 Illustration of Bits VS Qubits [6]

Just like the behavior of electrons in quantum mechanics theories, qubits settle on either 1 or 0

when observed or measured. For example, before measurement, a qubit can be in a

superposition state of 60% one and 40% zero. Once measured the qubit will give the value of

1 as the superposition state was more likely to measure to one (60%). Quantum algorithms

leverage superposition as well an entanglement, which when multiple qubits are linked in

such a way to allow deducing the state of one qubit from the other qubits, to manipulate the

probabilities of falling into the two states as to solve a problem. To achieve the latter purpose,

many approaches exist such as quantum annealing and gate-based computing each with their

pros and cons in different applications.

Gate-based computing is adopted in this project as it is well supported and maintained by

leaders in the quantum computing fields. This approach relies on manipulating the state of

qubits using quantum logical gates. Figure 4.4 presents some quantum gates and their vector

representations:

15



Figure 4.4 Some Quantum Gates and Their Vector Representation [7]

As shown in Figure 4.4, quantum computing works with matrices rather than scalars enabling

the possibility of parallel processing before measurement. To put all the theory of gate-based

quantum computing into practice, Qiskit, a python quantum library developed by IBM, is

used. It allows simulations of the quantum process on classical computers as well as execution

in real quantum hardware. The implementation phase elaborates on how Qiskit is leveraged to

implement the option pricing solution.

4.3.1.1 Dirac Notation

To describe the quantum states of a qubit, Dirac notation is used conventionally. The latter

consists of the following assuming we are given a and b two 2-dimensional vectors with

complex entries (a, b ∈ ℂ2) [8].
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4.3.1.1.1 The “Ket” Notation

Represented by the symbol and denotes the column vector composed of both entries of a:|𝑎〉

a1 and a2 [8]

 |𝑎〉 =  
𝑎

1
𝑎

2( )                                                                     (2)

4.3.1.1.2 The “Bra” Notation

Represented by the symbol and denotes the transposed column vector (row vector)〈𝑏|

composed of both complex conjugated entries of b: b1
* and b2

* [8]

〈𝑏| =  (𝑏
1
*     𝑏

2
*)                                                               (3)

4.3.1.1.3 The “Bra-ket” Notation

Represented by the symbol and denotes the complex number generated by the inner〈𝑏|𝑎〉

product of and [8].|𝑎〉 〈𝑏|

〈𝑏|𝑎〉 =  𝑎
1
𝑏

1
* + 𝑎

2
𝑏

2
* = 〈𝑎|𝑏〉*                                               (4) 

4.3.1.1.4 The “Ket-bra” Notation

Represented by the symbol and denotes the matrix generated by the product of|𝑎〉〈𝑏| 2 × 2

and [8].〈𝑏| |𝑎〉

|𝑎〉〈𝑏| =  
𝑎

1
𝑏

1
*    𝑎

1
𝑏

2
*  

𝑎
2
𝑏

1
*     𝑎

2
𝑏

2
*( )                                                           (5)

4.3.2 Quantum Amplitude Estimation

The main algorithm enabling the quantum option pricing solution is quantum amplitude

estimation. As the name suggests, the algorithm follows an iterative process achieved in

different methods in which it attempts to estimate the amplitude of a certain quantum state

being measured. To do so, it employs the concept from another quantum algorithm called

quantum amplitude amplification. The overall idea of the latter is repeating a process of

increasing the probability of a certain state referred to as the good state and reducing the one

of the rest of the states, the bad states. After a certain number of repetition, the good state’s
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probability, its amplitude, increases allowing the measurement to naturally converge to the

good state. Quantum amplitude amplification is itself a generalization of Grover’s algorithm,

a fundamental quantum algorithm with a large set of applications. It was developed by Love

Grover in 1996 as a search algorithm offering a quadratic speedup compared to classical

search algorithms. The next section goes in depth in the idea of amplitude amplification and

Grover’s algorithm preparing the ground for a mathematical decomposition of the two

algorithms in the mathematical analysis section.

Quantum amplitude estimation aims to find the number of good states in a set of given states

and estimate the probability of getting a good state at measurement.

4.3.3 Quantum Amplitude Amplification

Quantum amplitude amplification is achieved through two steps. The first one is phase

inversion of the state to be amplified (good state) achieved through an oracle. This step acts as

a way to mark the good state. Once marked, the good state now stands out from the other

states. However, the aim of the algorithm is to amplify the probability of the good state and

phase without affecting the other states. While phase inversion marks the good states, it does

not amplify its amplitude, thus the need for the second step which is achieved through a

diffuser. The latter is an operator that inverses all the states around their mean. Since the good

state’s phase was inverted, flipping all the amplitudes around their mean results in the

amplitude of the good state to be higher than the one of the bad states. Repeating this process

multiple times amplifies the amplitude of the good state significantly in comparison with the

amplitude of the bad states. Figure 4.5 & 4.6 are graphical representations of the phase

inversion and amplitude inversion around the mean respectively.

Figure 4.5 Phase Inversion [9]
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Figure 4.6 Amplitude Inversion Around The Mean [9]

Grover’s algorithm employs this method to search in an unsorted database in time with𝑂( 𝑛)

being the number of elements in the database. Simply, the algorithm sets the state to be𝑛

amplified to be the element to be found in the database. Once the amplitude of the state is

amplified, measurement gives the element to be found in the database.

4.3.4 Quantum Solution

4.3.4.1 Description

With the idea of quantum amplitude estimation algorithm clarified, it is possible to move on to

exploring the options pricing solution’s rationale, as the main component of it is the QAE

algorithm. The main solution is composed of three components. The first one is building an

uncertainty model upon which the estimation will be based. In the European call options case,

the uncertainty model corresponds to the distribution that fits the price movement of the

underlying asset(s). Since the options the solution is aiming to price are based on

non-dividends paying securities namely stocks, it is safe to assume that the price of the latter

follows a log-normal distribution. Therefore, the uncertainty model in question would be a

log-normal distribution. The uncertainty model should then be loaded into the state of a

number of qubits labeled uncertainty qubits. The log-normal distribution in play should,

obviously, be parametrized to fit the exact option that should be priced. The parameters to
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consider are the boundaries of the distribution as well as its mean and variance. Once

generated, the distribution should be discretized to be ready for use as an uncertainty model.

For the sake of simplicity, an equidistant discretization around the mean with the distance

between each point being the standard deviation of the distribution. The second component,

the most important one, deals with the actual payoff estimation using QAE. Before running

the quantum amplitude estimation algorithm, it is important to construct the estimation

problem in which we set the estimation objective. Since payoff is the target for estimation and

the latter is a linear function, a linear amplitude function is the best candidate for the

estimation objective. With the latter in addition to the first step, the quantum amplitude

estimation can be executed which takes us to the last step of the solution, evaluating the

results from QAE and conducting a comparison with the classical alternative to solving this

pricing problem. The quantum gate circuits are detailed in the next section and the

mathematical analysis of the solution is conducted in its corresponding section.

4.3.4.2 Circuits

4.3.4.2.1 Uncertainty Model

Figure 4.7 Uncertainty Model Quantum Circuit

Figure 4.7 represents the circuit of quantum gates used to build the uncertainty model

employed in the solution. As the step of setting up an uncertainty model is nothing but loading

a probability distribution in our case, the circuit consists of multiple rotational gates 𝑅
𝑌

allowing the manipulation of amplitude of each state so that it matches the log-normal

distribution in its probabilities.
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4.3.4.2.2 Payoff Amplitude Function

Figure 4.8 Payoff Amplitude Function Circuit
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Figure 4.9 Payoff Amplitude Function Circuit (Continued)

In order to implement the objective function based on which the quantum amplitude function

will estimate the option price, the circuit in Figure 4.8 and 4.9 is used. The latter circuit starts

with preparing the quantum state of the seven qubits including the three uncertainty qubits.

For that we are using NOT gates and multiple universal Toffoli gates with their transposes𝑋 𝑇

. The next step is to feed the prepared states into the unitary operator developed to compare𝑇𝑇

between the underlying asset’s price obtained through the uncertainty model and the strike

price of the option and based on it adjust the state so that when measurement happens the

option payoff function becomes ready to be plotted.
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4.3.4.2.3 Quantum Amplitude Estimation

Figure 4.10 Iterative Quantum Amplitude Estimation Circuit

23



Figure 4.11 Iterative Quantum Amplitude Estimation Circuit (Continued)

The circuit of the quantum amplitude estimation consists of three phases. The first one is the

state preparation where multiple rotational gates , NOT gates , and Toffoli gates are𝑅
𝑌

𝑋 𝑇

used to define the state with an unknown amplitude . Once the state is prepared, the𝐴 𝑎
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operator inspired from Grover’s and Shor’s algorithm is applied multiple times leading to𝑄

an estimation of the amplitude of 𝐴

4.4 Mathematical Analysis

4.4.1 Black & Scholes Model

As introduced in the previous sections, the Black and Scholes model suggests that the price of

a European option is calculated through the following equation:

𝑃 =  𝑆 × 𝑁𝑜𝑟𝑚𝑎𝑙(𝑑1) −  𝐾𝑒−𝑖𝑇 ×  𝑁𝑜𝑟𝑚𝑎𝑙(𝑑2)                             (6)

To have a clearer understanding of the mathematical insight provided by the equation. We

proceed by decomposing the equation into two terms with the first term being:

𝑆 × 𝑁𝑜𝑟𝑚𝑎𝑙(𝑑1)

And the second one being:

𝐾𝑒−𝑖𝑇 ×  𝑁𝑜𝑟𝑚𝑎𝑙(𝑑2)

The first term involves the current price of the underlying asset(s) multiplied by a𝑆

probability factor adjusted using the standard normal distribution. The factor represents the

probability of the option being exercised at maturity [10]. It is reasonable to multiply the asset

price by the probability of option execution as the latter relies on exceeding the strike price𝑆

in the case of call options or being lower than in the case of put options. The factor d1𝐾 𝐾

defined as does not have a straightforward explanation in the𝑑1 =
𝑙𝑛( 𝑆

𝐾 ) + (𝑖 + σ2

2 )𝑇

σ 𝑇
   

literature. The paper published by Black and Scholes introducing the model does not clarify

what exactly d1 is and so does the paper published by Merton extending the model to

dividend paying assets. Scholars' theories suggest that d1 is “the factor by which the present

value of contingent receipt of the stock exceeds the current stock price.” [11]. However, the

latter theory is not academically confirmed.

The second term applies the same logic of the first term on the strike price of the option . As𝐾

the latter is a value in the future, a continuous discount factor is used to determine its𝑒−𝑖𝑇

value in the present. Similar to the first term, the present value of the strike price is then

multiplied by a probability factor adjusted using the standard normal distribution representing

the probability of the option not being exercised at maturity [10]. The second factor then

complements the first one by including probability of failure assuming that success is option

execution. Compared to d1, d2 is not as ambiguous as it derives its value from d1. [11]
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considers d2 to be the risk adjusted probability that the option will be exercised. Nevertheless,

no academic evidence supports the theory.

Now that each term makes sense on its own, combining them through subtraction determines

the fair price of the option.

4.4.2 Quantum Amplitude Amplification

To prepare the ground for mathematical analysis it is important to agree on the notation used

to represent quantum states. Dirac notation will be adopted as it is widely used and simple to

grasp

To mathematically analyze quantum amplitude amplification, we consider a quantum system

of qubits all initialized to 0 except one state initialized to 1. is𝑛 𝑞
0
,  𝑞

1
,  𝑞

3
,  ...,  𝑞

𝑛−1
𝑞

𝑤
𝑞

𝑤

initially 1 as it is considered the good state whose amplitude is to be amplified. To initiate the

execution of the algorithm, all qubits should be in superposition. The latter is achieved

through the Hadamard gate for uniform superposition. The superpositioned states

are obtained through the following operation:|ψ
1
〉,  |ψ

2
〉,  |ψ

3
〉,  ...,  |ψ

𝑛−1
〉 

|ψ〉 = 1

2𝑛
𝑘∈{0, 1}

𝑁−1

∑ |𝑥〉                                                   (7)

In superposition, we can denote the bad state as:

|ψ
𝑏𝑎𝑑

〉 =  2𝑛−1

2𝑛
𝑥≠𝑤
∑ |𝑥〉     𝑤ℎ𝑒𝑟𝑒:  〈ψ

𝑔𝑜𝑜𝑑
|ψ

𝑏𝑎𝑑
〉 =  0                          (8)

Consequently, the good state can be denoted as:

|ψ
𝑔𝑜𝑜𝑑

〉 =  1

2𝑛
𝑥=𝑤
∑ |𝑥〉                                                 (9)

Making the overall state be denoted as:

|ψ〉 =  2𝑛−1

2𝑛  |ψ
𝑏𝑎𝑑

〉 + 1

2𝑛
|ψ

𝑔𝑜𝑜𝑑
〉                                       (10)

Figure 4.12 maps the above equations representing the state to a graphical representation

showcasing the phase.
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Figure 4.12 Graphical Representation of the Quantum State

From the graphical representation, we can obtain a trigonometric representation of the

quantum state:

|ψ〉 =  𝑐𝑜𝑠( θ
2 )|ψ

𝑏𝑎𝑑
〉 + 𝑠𝑖𝑛( θ

2 )|ψ
𝑔𝑜𝑜𝑑

〉   𝑤ℎ𝑒𝑟𝑒 θ =  2 × 𝑎𝑟𝑐𝑠𝑖𝑛( 1

2𝑛 )         (11) 

Now that we explained the quantum state as a function of the good and bad states, we can

move on to the first step of the amplitude amplification which is phase inverting. For that a

unitary operator is developed to output the state as it is when a bad state is given as an input

and output the complement of the state if a good state is given as input. The unitary operator

can be denoted mathematically as:

(12)𝑈|𝑥〉 =  − |𝑥〉   𝑖𝑓 𝑥 =  𝑤 𝑎𝑛𝑑 |𝑥〉 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

In practice, the unitary operator flips the phase of the good state based on the following

equation:

𝑈|ψ〉 =  (𝐼 −  2|𝑤〉〈𝑤|)|ψ〉 =  − |ψ〉                                  (13)

I in the equation is the identity matrix. Figure 4.13 demonstrates the process of phase

inversion graphically.
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Figure 4.13 Phase Inversion of the Good State

Inverting the phase allows marking the good state making the quantum system ready to move

on to the next step achieved by the diffuser. The latter works following the equation:

𝐷(ψ) =  (2 ×  |ψ〉〈ψ| −  𝐼)|ψ〉                                             (14)

This equation reduces the amplitude of the unwanted states and increases the amplitude of the

good state. With the latter, amplitude amplification is complete. Figure 4.14 shows graphically

the task of the diffuser.

Figure 4.14 Good State Amplitude Amplification Through the Diffuser
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4.4.3 Quantum Amplitude Estimation

Quantum amplitude estimation is highly inspired from quantum amplitude amplification.

Rather than amplifying the amplitude of a given state, the algorithm focuses on estimating the

amplitude of that state. It does so by finding in the database in hand all the instances of the

given state and based on that creating an estimate of the amplitude [12]. Mathematically, the

equation looks like the following:

𝐴|0〉 =  1 − 𝑎|ψ
0
〉 + 𝑎|ψ

1
〉                                           (15)

At first glance we can notice that the above equation is a generalization of the one of an

overall state in the quantum amplitude amplification algorithm. The task here is instead of

amplifying the state’s amplitude, estimating it which equivalent to estimating the unknown 𝑎

in the equation where is equivalent to [12]:𝑎

𝑎 =  |〈ψ
1
|ψ

1
〉|2                                                         (16)

To estimate , a methodology combining the grover operator (diffuser) and quantum phase𝑎

estimation from the famous Shor’s algorithm [12]. The methodology suggested operate

following the mathematical equation:

𝑄 =  𝐴𝑆
0
𝐴𝑇𝑆

ψ
1

                                                          (17)

In the equation, is a reflection around the state and is a reflection around the𝑆
0

|0〉 𝑆
ψ

1

|ψ
1
〉

state.
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5 IMPLEMENTATION
5.1 Tools

Tool Description

Qiskit Qiskit is a python library offering tools and
simulators to design and implement quantum
algorithms. In this context, it was used to
develop the quantum solution and simulate it
on a classical computer since a real quantum
computer is not accessible.

Qiskit Finance Qiskit Finance is an extension of Qiskit
offering functions specific to financial
applications. This library played a big role in
reducing the complexity of the
implementation as a lot of components were
already offered by Qiskit Finance

Numpy Numpy is a python library offering a wide
range of mathematical functions and data
structures

Pandas Pandas is a python library for data
manipulation and analysis. it was used in the
context of implementation to analyze
historical data of the underlying asset of the
option to be priced

Matplotlib Matplotlib is a python library for data
visualization. All the visuals to monitor and
analyze results were generated by this
library

Table 5.1 Tools Used in Implementation

5.2 Quantum Solution

In the quantum solution, an imaginary European call option on the Moroccan Banque Centrale

Populaire (BCP) stock is considered. The option considered matures in 40 days. The first step

of the solution consists of gathering BCP stock price over the past years in order to compute

the implied volatility. To do the latter, two python functions are created to extract relevant

information from a .csv file containing the stock price information for 3 years. The first task is

to compute the standard deviation of the close price column. The obtained standard deviation

is multiplied by 100 and divided by the mean of the prices to obtain the volatility of the stock
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price as a percentage. The second task dealt with getting the latest recorded price to be

considered as the spot price in the option contract. Figure 5.1, 5.2, and 5.3 show the dataset

structure and the implementation of both utility functions.

Figure 5.1 BCP Stock Price Data Layout

Figure 5.2 Python Function to Compute Volatility as a Percentage

Figure 5.3 Python Function to Retrieve Spot Price

Once the utility functions are ready, the next step is to initialize the different parameters

needed to describe the option. These parameters include the spot price, the volatility, the

risk-free rate, the strike price, and the maturity of the option as shown in Figure 5.4
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Figure 5.4 Option Contract Details

Based on initial values of the option contract, the next task is to initialize the parameters of the

probability distribution that will be used as an uncertainty model. The parameters are: the

mean, standard deviation, variance, and bounds for discretization. Figure 5.5 is how the latter

are initialized in Python

Figure 5.5 Uncertainty Distribution Parameters

The uncertainty model is now ready to be built based on the log-normal distribution. For that,

a built in class offered by Qiskit is used to allow loading the distribution with the parameters

fed to it into the quantum states of the three assigned uncertainty qubits (Figure 5.6)

Figure 5.6 Uncertainty Model Composition

The first piece of the circuit is now ready allowing it to move to the next piece which is the

objective function to compose the payoff function. Figure 5.7 shows the parametrization and

implementation of the objective function using the built-in Qiskit class

LinearAmplitudeFunction.
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Figure 5.7 Objective Function Composition

Having both components implemented, the state preparation circuit can be composed and

adapted as shown in Figure 5.8 to be fed to the quantum amplitude estimation algorithm

which will result in the estimation of the option price.

Figure 5.8 State Preparation Circuit Composition

From the state preparation circuit, we create an estimation problem which acts as input to the

amplitude estimation algorithm. We also initialize a quantum instance to enable the simulation

in classical computers. We specify shots to be equal to 100 which means that the amplitude

estimation algorithm will have 100 repetitions to estimate the option price. These details are

demonstrated in terms of implementation in Figure 5.9
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Figure 5.9 Quantum Amplitude Estimation Implementation

As shown in Figure 5.9, a variation of quantum amplitude estimation called iterative

amplitude estimation is used. This algorithm optimizes QAE in terms of circuit size and

complexity as it does not use phase estimation but rather it achieves the same results through

multiple Grover’s operators which are less expensive than the phase estimation.

Finally, the estimation can be run through the estimate function (Figure 5.10). The results of

the estimation as well as graphical representations of each step of the implementation are

provided in the results section

Figure 5.10 Estimation Retrieval

All the imports used in this implementation are provided below (Figure 5.11)

Figure 5.11 Libraries Used in Implementation

5.3 Monte-Carlo Pricing Method

We use the same imaginary European call option with BCP stock as underlying security. To

generate the price paths that their average will be the estimate of the option price. This
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implementation uses the log version of the Black and Scholes model to get the best

Monte-Carlo performance out of the classical computer. The first step of the implementation

is setting up the parameters of which is the option contract. Figure 5.12 shows the

initialization of these parameters

Figure 5.12 Option Details Initialization

The next step is to simulate the option price path using the Black and Scholes formula in its

log format. We generate multiple simulation through the numpy random package to generate

standard normal random factors

Figure 5.13 Option Price Paths Simulation

Finally, evaluating the price of the option is a matter of averaging the prices generated by the

Monte-Carlo method and discounting them to the present

Figure 5.14 Option Price Calculation
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6 RESULTS
6.1 Quantum Solution

In order to follow the execution of the quantum solution, it is decomposed into steps

monitored numerically and graphically. Loading the log-normal distribution into the quantum

states was the first step monitored. The states’ amplitudes were graphed using the code in

Figure 6.1. The results are shown in Figure 6.2

Figure 6.1 Probability Distribution Graphing Implementation

Figure 6.2 Probability Distribution of Uncertainty Model
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Afterwards, the objective function that generates the option payoff was investigated

graphically to see the shape of the option’s payoff curve. Figure 6.3 and Figure 6.4 below

showcase the implementation of the graphing code and its results respectively.

Figure 6.3 Payoff Function Graphing Implementation

Figure 6.4 Payoff Function
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Finally, the results given by the amplitude estimation algorithm were investigated. Figure 6.5

show the obtained results

Figure 6.5 Results of Amplitude Estimation

The exact value of the option was calculated through the Black and Scholes model and is

16.5899 Moroccan Dirhams (MAD) per option. The estimated value is the one calculated by

the quantum amplitude estimation algorithm and is evaluated to 16.6480 MAD per option.

Comparing the exact value with the estimated value, it seems like the quantum solution

generated a viable estimation with a minimal error.

6.2 Monte-Carlo Solution

The same option example from the quantum solution was used. During the execution, the

price paths generation phase was monitored graphically. Figure 6.6 demonstrates a hundred of

the different paths simulated

Figure 6.6 Hundred of the Price Paths Generated
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The result of the average of all the 2500 path simulations discounted continuously to the

present is considered as the option price. The latter is shown in Figure 6.7

Figure 6.7 Estimation of The Monte-Carlo Method

The result of the Monte-Carlo method are a good estimation for the option price (16.3747

MAD per option) yet they are not as good as the result of the quantum solution and as the

latter is quadratically faster than Monte-Carlo, the quantum solution’s performance is

definitely better than Monte-Carlo making it an overall better solution. While Monte-Carlo

performed in 2500 simulations, the quantum amplitude estimation gave a better estimation in

only 100 shots.
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7 STEEPLE ANALYSIS
The impact of the suggested solution is detailed through the following STEEPLE analysis:

7.1 Societal Implications

Implementing the solution proposed in this capstone would increase the awareness of

quantum computing potential in real life applications. The financial problem tackled in this

capstone is crucial to many investors of different capital sizes and therefore the solution

offered is a practical approach to quantum computing allowing these investors to get tangible

value of the technology. Moreover, the rise of these applications of quantum computing will

enable the involvement of more people in the field creating more experts that will advance the

technology to its next level which emphasizes its potential involvement in the day to day life

of many people.

7.2 Technological Implications

Option pricing as a financial problem is faced on a daily basis in big financial institutions such

as investment banks. These latter use the most advanced classical computing technologies to

get accurate and fast results. The proposed solution takes accuracy and speed to the next level

offering more accurate results in quadratically better time. Since the latter fact is very

appealing to the big corporations facing the problem of option pricing, they will be willing to

invest in research and development of the quantum technology allowing it to mature and

create value in other applications beyond option pricing and even financial applications to

cover applications in other fields.

7.3 Economical Implications

The solution proposed directly touches on economical aspects. Being able to price options

quickly and accurately prepares the ground to a more efficient derivatives market allowing

investors to speculate or hedge safely. Investors are crucial to a healthy economy and

therefore providing an efficient derivative market assists them to conduct their investments.

The solution also creates new job opportunities in the research and development departments

within financial institutions which benefits the overall economy tremendously. One

implication to be careful about is the centralization of economic power within corporations
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with big funds. Since the quantum technology is still expensive, small financial institutions

will not be able to afford it giving an unfair advantage to big financial corporations

7.4 Environmental Implications

It is known that the silicon industry is one of the biggest polluters in today’s world.

Supercomputers take a big share in this pollution as they rely on a huge number of processors

and memory devices. The solution in its big picture will shift the field of high performance

computing that relies on supercomputers to rely on quantum computers instead. By that, it

will reduce the impact of the silicon industry in the long run making a positive impact on the

environment.

7.5 Political Implications

The solution has no political implications. However, if we consider that the quantum

computing power will be accessible only to big financial institutions, we can speculate and

say that the political power might follow the financial power especially in countries where the

legal frameworks are not comprehensive enough.

7.6 Legal Implications

The solution might cause the creation of new financial regulation laws ensuring market

efficiency and in the long term the quantum solution might be enforced as it provides the best

accuracy and speed in pricing options. Legal frameworks ensuring transparency would also be

established.

7.7 Ethical Implications

Some ethical issues might rise from the lack of transparency of the results of the technology.

For example, a financial institution that has quantum computing facilities might alternate

between using the quantum and the classical solution depending on which one serves best its

interests which is ethically unacceptable.
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8 CONCLUSION
The capstone project was a challenging yet enriching experience. I am impressed how I

started with a broad approach to a field that is still work in progress and was able to generate

viable results and a practical solution that can be deployed right away on quantum hardware.

Narrowing in the object of the capstone was a time consuming task as I had to conduct a lot of

research about relevant financial problems as well as strong tools that I can rely on for the

implementation. My interactions with financial experts were fruitful as they allowed me to

finally pick a problem and move on to the next phase of the project. The latter phase consists

of analysis of three different aspects of the project. The first one is financial analysis in which

the problem of option pricing was introduced along with basic knowledge about options in

general. The Black and Scholes model for European option pricing was described in detail as

it is considered to be the basis of both the classical and quantum solution. Moving on, the

second aspect that was analyzed is the quantum insight involved in the solution namely the

algorithms used. First, an introduction to gate-based quantum computing was provided along

with the explanation of Dirac notation, a crucial convention in understanding quantum

mathematical notations. Then, quantum amplitude estimation and quantum amplitude

amplification were described in terms of the rationale behind their execution. Finally, the

quantum solution for pricing options was discussed under the umbrella of the two quantum

algorithms described previously. The last analysis aspect was the mathematical analysis where

concepts and algorithms suggested in both financial and quantum analysis were modeled

mathematically.

With the analysis phase being done, implementation was clearer to approach. It consists of

coding the quantum solution for which Qiskit was used and the classical solution. Once

implemented the results of both solutions were compared to each other and to the theoretical

results achieved through the Black and Scholes model.

The object of this capstone has a great potential to revolutionize the field of finance and the

solution proposed can be extended to several other financial problems. It is true that quantum

technology is still immature. However, building quantum solutions can only make the

technology mature faster especially when its potential is as impressive as discovered.
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9 FUTURE WORK
During the time I dedicated to working on the capstone object, my research went beyond the

presented solution to include potential improvements and extensions of the solution. Two

main findings were deduced. However, due to the lack of time, they were not included in the

implementation of the suggested solution. One improvement to consider is changing the

pricing uncertainty model in the quantum solution to be more customized to the underlying

asset historical price data. For that, quantum machine learning can be incorporated allowing

for a better uncertainty model and thus an even better accuracy model. In other words, instead

of using the log-normal distribution with estimated parameters, we train a machine learning

model to learn the behavior of the historical underlying asset price and we use its parameters

to generate the uncertainty model. In [11] quantum generative adversarial networks were

suggested to enable such an improvement. As a future work, implementing this improvement

would make the solutions ultra-optimized. Another future work to be considered is extending

the solution to price American options, a more complex variation of options that allows the

execution date to be at any point before the maturity of the option. This variability of the

exertion date makes it challenging to use the existing pricing models. Monte-Carlo

simulations are used with a higher complexity as the simulation of price paths have to not

only include the different scenarios of price fluctuations but also the different scenarios of

option execution time. As Monte-Carlo and quantum amplitude estimation seem to be

equivalent to each other within the different computing paradigms, the goal is to find a

quantum amplitude estimation based solution to the problem of american option pricing.
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