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Abstract 
This Project represents the basic method to maximize the return on a portfolio 
using the simplex method. The first step to tackle this problem is to get the data 
from investing.com then use the variance of the stock to estimate the daily return 
on that stock for the next period. The time used is 3 years for all the analysis. The 
next thing was to estimate the riskiness of the stock with respect to an index. We 
then run the code based on the simplex method using R as a coding language. This 
gave us a solution which we need to check. We used Monte Carlo simulation to 
check that our solution is better than random generation. The simulation creates 
999 observation that are randomly generated and we calculate the return on each 
one of those portfolios leading to a normal distribution of portfolios. We check 
where the solution stands on that result. 



 1 

1. Introduction 
1.1. Background 

The world of finance has recently witnessed a noticeable growth in the size of the 
intangible assets as shares of the asset part of the balance sheets of any given 
corporation. Assets can be classified under either Tangible assets or Intangible 
assets. Intangible assets are known as the set of economic resources that are not 
of physical nature such as patents, trademarks, business methodologies and 
financial assets. In my Capstone project, I am mainly concerned about Financial 
assets and their allocation on Portfolios. If we were to break down the portfolio of 
any business entity, financial assets would naturally make the shear bulk of the 
intangible assets owned. The trade of financial assets is what fuels the world of 
investment. Consequently, optimizing the management of the asset portfolio is 
essential for optimal flow and yield of the investments. The structure of asset 
portfolios is not as simple as it may look. Portfolio management stretches way 
beyond wisely allocating all the resources of a corporation in the most profitable 
opportunities of investment but also should be eager to have an insight about the 
risk taken on those investment opportunities. An appropriate portfolio allocation 
should be optimized in both risk and return on investments.  

 
1.2. Methodology 

I based this research on the use of programming language R in order to: 
Ø Calculate the Beta ( 𝛽 ) of a set of chosen companies using the regression 

model. 
Ø Derive constraint matrices using linear programming, plug them in the 

Simplex method and then get the results. 
Ø Generate random portfolios in order to generate a density plot, in other 

words; get normal distributions. 
Ø Use normal distribution to evaluate the results retrieved from the linear 

programming in order to assess my position. 
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2. Literature Review 
2.1. Overview of Optimization 

The Optimization is a discipline that allows you to find the extremes (minima and 
maxima) of a relation between various variables. This discipline is as old as 
mathematics cause the main purpose behind numbers is to understand how our 
world works and to apply the theories to real life to verify them. The first problems 
discussed were obviously related to geometry. The earliest optimization problem 
was solved by Plato (427BC , 347BC) to find the greatest area among rectangles 
with a given total length of edges. The square is the solution, which can be proven 
today using calculus (proof). The next thing faced is the concept of infinity which 
issued the problem of approximating surfaces and volumes. The method of 
exhaustion is first used by Archimedes of Syracuse (287BC 212 BC) in order to 
approximate the area of the circle by filling it with pentagons [1]. 

The concept of optimization is present all around us, especially in nature. Thus 
Heron of Alexandria(10AC to 75AC) showed that light travels between two points 
by going through the shortest path represented by a line [2]. There is also the 
Pappus of Alexandria (290 AC to 350 AC) who observed the house of the bees and 
the way they were storing their honey. He proved that the volumetric hexagonal-
shaped cylinders, stacked one against the other, is the optimal way of storing 
honey. First, he started by showing that the hexagonal prism required the 
minimum amount of material. Then he showed that this shape is the optimum one 
to enclose a given volume. The next thing was going from 2D to 3D by comparing 
the solids with equal surfaces. He discovered that the greater the number of 
surfaces the greeter the volume, and the greatest volume enclosed with the same 
surface area is the sphere [3]. 

This happens in the time of Greek philosophers where algebra did not exist. 
Algebra was first introduced by Al-Khawarizmi (790 , 850) a muslim 
mathematician who wrote the first known book of algebra, Hisab- Al-Jabr W’Al-
Muqabala, thus introducing the operators “+,-,/,*” and the relationship between 
them .There is also Al-Karaji(953 , 1029) who extended Algebra to present the 
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integer power and integer roots.[4] All of that allowed the discovery of optic 
engineering by Ibn Sahl (940,1000) who computed the optimum shapes for lenses 
and curved mirrors. This was probably the first application of optimization in the 
engineering field [5]. 

The next thing was to link Algebra with Geometry, which was done by René 
Descartes (1596-1650) in his book La Géométrie. He realized that he can represent 
any position on a 2D plane using two numbers that are represented on a horizontal 
axis and vertical axis. He was the first to define the line, circle or any geometry 
using the algebra. This was obviously the first step to Graph a problem which is 
the first step to formulate an optimization problem. Then came the tangent line 
problem. This problem gives you a line L and a point P not on that line and asks 
you to find the line passing through P and tangent to L. this introduced the slope 
for the first time [6]. The same problem was solved by Pierre de Fermat (1601-
1665). His solution was based on approximating of the slope converging to the 
same limit. This introduced the derivatives [6]. 

Calculus was the fruit of many centuries of development thus leading us to Isaac 
Newton (1643-1727) and Leibniz (1646-1716). They both came up with calculus in 
basically the same era. Newton established the well-known physics laws that are 
describing nature with a great accuracy. Newton was also the first one to state the 
Fundamental Theorem of Calculus when he calculated the area under a curve. 
This was not published till 1683. However, Leibniz used the common integral sign 
in 1675 for the first time, and developed the power law for both integers and 
fractions which gave the current notation of integrals ∫ . The two great scientists 
published their work separately by a year interval. The first to publish was Leibniz 
on 1686 with his work Acta Eruditorum with the integral notation. In 1687, 
Newton came up with one of the greatest work in human history: Phylosophiae 
Naturalis Principia Mathematica. Then the great scientific revolution began [6]. 

The next problem was faced by the brothers Bernoulli, Jacob Bernoulli (1654-
1705) and Johann Bernoulli (1667-1748) which was to solve differential equations. 
They solved physical optimization problems such as the one for supporting a 
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weight of a chain. Each one of them got his own work, with some similarities and 
differences. At some point they started claiming each other’s work because of their 
similar path. Jacob was known for the separation of variables method, and 
Johanne had the chance to solve some real life problems and publish Hydraulica. 
On the other hand, Johane got to solve some optimization problems related to 
vibration, tides, and ship sails [6]. 

The next important contribution to optimization came from Swiss with Leonhard 
Euler (1701-1783). He is the father of mathematical analysis. He was the one who 
created foundations for our current mathematics. He defined three of the most 
important constants of math: e for the base of natural log (1727), i for the square 
root of -1 (1777), 𝜋 for the pi number, the summation ∑  (1755), the ∆𝑥	𝑎𝑛𝑑	∆+𝑥 
and many others. Euler was one of the greatest mathematicians of all time, as his 
important work related to optimization was with Lagrange. This resulted to the 
Euler-Lagrange equation, which is now used to solve many optimization problems. 
Euler also was the first one to discover the optimal ship design and established 
the basics of hydrostatics [7]. 

The next field expanded was the calculus of variations thanks to Isaac Newton 
and Josef Raphson(1648- 1715). In Raphson’s book, the Principa Mathematica, he 
discussed one of the methods used by Newton to find roots and applied it to a 
solution of polynomial up to the 10th degree [6]. Then we have Jean-Baptiste-
Joseph-Fourier (1768-1830) who wrote Analyse des équations déterminées. In his 
book, Fourier introduced a method to find the root of a scaler function. The 
equation is as we know it today: 

𝑥,-. = 𝑥, −
𝑓(𝑥,)

𝑓4(𝑥,)
5 , 𝑘 ∈ ℕ. 

f(x) is a differentiable function and 𝑓4(𝑥,) ≠ 0 

This equation could be raised to the 𝑛<= derivative [8]. It is then developed with 
Augustin-Louis Cauchy (1789-1857) to introduce the steepest descent to find the 
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minimum of a differentiable function. However, the algorithm was not good 
enough. It could be stacked in a stationary point that is not the minimum [9]. 

The next important optimization method discovered is the least-square method, 
which finds the approximate solution of a set of equations where the number of 
variables exceeds the number of available equations. Carl Friedrich Gauss was 
the one who found the method, published by Lagrange in 1806, which basically 
minimizes the sum of the squares of residual errors. This method was first used 
to approximate the location of an asteroid moving at the back of the sun [10]. 

Now moving to the 20th century, and all the optimization applications that were 
discovered with it. The first book of optimization was first published by Oskar 
Bolza (1857-1942) named Theory of Maxima and Minima. Then came the linear 
programing (LP) [10]. 

2.2. Historical overview of Linear Programing 

The linear systems dates back to the 19th century with Fourier who first gave a 
concrete elimination process for the problem. The method consists of using the 
equations to reduce the number of variables in order to find a solution, then go 
back to solve all the variables. The second major solution of linear problems 
emerged in one of the hardest times in history: War. With World War II, a general 
linear programming problem combining the expenditure and returns in order to 
reduce cost and increase losses in the enemy lines emerged. The solution was 
proposed by Leonid Kantorovich a Soviet economist. In the same period, an 
economist gave a linear formulation to a classical economics problem. In 1947, 
Dantzig George invented the simplex method, which for the first time tackled the 
linear programing problems. Any optimization problem is said to be linear if the 
objective function and constrains are said to be linear. An expression is linear if 
it’s written in the form: 

𝑘.𝑥. + 𝑘+𝑥+ + 𝑘?𝑥? + ⋯+ 𝑘A𝑥A, (𝑘., 𝑘+, 𝑘?, … , 𝑘C) ∈ ℝ&	𝑛 ∈ ℕ∗ 
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The constrains will basically define a polyhedron, a solid figure with many faces 
and most importantly corner points. We investigate the corner points in order to 
find the optimal solution. This can be done by the Gaussian elimination method, 
which eliminates one equation and another until we find one unknown then 
comeback to solve for the others(example) [10]. 

Some maximization/minimization problems are hard to solve using the direct 
method. Thus John Von Neumann (1903-1957) developed the theory of duality 
introduced in the game theory. The idea is that if someone needs to maximize a 
certain damage, someone one out there will also need to minimize the damage 
occurred because it will affect him. Thus any maximization problem could be 
switched to the minimization problem by changing the constrains sign. = 𝑡𝑜	 < & >

𝑎𝑛𝑑	 < 𝑡𝑜 ≥ 𝑎𝑛𝑑	 > 𝑡𝑜 ≤ 𝑎𝑛𝑑 ≤ 𝑡𝑜	 > 𝑎𝑛𝑑 ≥ 𝑡𝑜	 < and changing the min to max. this 
method allowed us to make some optimization problems simpler to solve [10]. 

2.3. History of Nonlinear programing 

The nonlinear programing (NLP) was a Master’s thesis of a graduate student 
named William Karush (1917-1997). The solution to the problem was recognized 
after a conference paper in 1951 by Harold William Kuhn ( born 1925 ) and Albert 
William Trucker (1905-1995). This is why the solution is named KKT theory 
(Karush-Kunh-Trucker). This theory proves the existence of an optimal solution 
to a NLP problem [10]. 

2.4. History of Dynamic Programing 

The next problem was related to the complexity of the problem. Thus breaking it 
to smaller parts was a necessity to allow it to be solved in an efficient time span. 
This is named Dynamic Programing (DP) published on 1952 by Richard Bellman 
(1920-1984) [10]. 
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2.5. History of stochastic programing 

The previous techniques were done with no doubts about the correctness and the 
differentiability of the function. The next thing needed to be faced was related to 
finding the minima and maxima with unknown function and unknown 
derivatives. Thus the data collected could be confounded with noise and random 
error. The optimization by Stochastic Approximation (SA) aims to find the min/ 
max of a said random distribution by an algorithm that converges to the optimum 
point.  This SA is a part of Stochastic Optimization (SO) which is introduced by 
Herbert Ellis Robbins (1915-2001) and Sutton Monroe(1919-1995). The algorithm 
basically finds the roots of a function that is describing the noise. The method was 
applied by Jacob Wolfwitz(1910-1981); however, the number of computation for 
this method was too big. Thus a new way was introduced by James Spall that 
required two steps for each computation [10]. 

This method was not efficient enough since sometimes it is stuck on a local max 
or min thus not having the global min or max. Thus the creation of probabilistic 
metaheuristics by Nicholas Metropolis(1915-1999) in 1953. This lead to the 
creation of annealing. Keikth Hasting (1930 - 2016)  extended the publication by 
Metropolis 1970 to Metropolis Hastings algorithm [10]. 

3. STEEPLE Analysis 

Social 
The main purpose of this project is to optimize the financial model and this will 
need a great amount of transparency and a less amount of secrecy. This is hard to 
apply in morocco since all the companies are owned by old families and some of 
them by public which made Morocco less transparent and more secret.  

Technological  
The project is a computer based project aiming to find a feasible solution based on 
a historical data. Certainly software treating data on that way are existing, thus 
my program would be an introduction to understanding those kind of applications. 
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My program would ensure a more competitive stock price with a defined return 
and risk. 

Economic 
This capstone project is strongly related to the economy. When reaching a high 
degree it could affect the income of companies while sustaining a constant return. 
Further factors should normally be included in the program, thus making it more 
accurate and reflecting the actual situation of the market. This project is tackling 
the intangible assets and ensuring a return on them.  

Environmental 
At first sight, the capstone does not seems to be directly affecting the environment. 
However, a growth in any resource consuming industry would allow those 
companies to be profitable thus leading to more and more investment on that 
sector. This could lead to a great loss in the environment.  
Since stocks are not the first factor leading to the expenditure of the energy and 
organic raw-materials, this project would not affect directly the environment.  

Political 
Since this project is giving advice where and when to invest on a security, a 
mismatching in the algorithm in great companies would lead to huge political 
issues. A government default or an illiquidity crisis could destroy a countries 
economy leading to a great need of reform. Thus on the huge scale the subject of 
this capstone is directly affecting the political aspect of each stock market 
exchanging country. 

Legal 
This capstone allows the uses of great calculating power. Such power allows the 
exchange of stocks on a minute basis. The problem exists when you have a great 
amount of taxes that you need to pay for each investment. This discourages 
investors especially in Morocco since a constant 2.5% should be payed as a tax 
when performing a demand in the stock market. Such issue should be faced and 
respectfully revised by the country. 
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Ethical 
This capstone project is ethically convenient, since the data will be legally 
extracted from a database and none of the techniques used are judged illegal. The 
analysis used would be clearly stated throughout the steps of the project, in order 
to be available for solving other similar problems. 

4. Linear Programing Theory and Algorithms 

4.1. Formulation of the problem 

We will need the following information before starting the process of any 
optimization problem. A good formulation needs: 

- Variables (defined). 
- Objective function to be reached. 
- Constraints towards those variables. 

The formulation will generally be in the form of: 
Minimize/ maximize 𝑓(𝑥) subject to x ∈ E 
𝑓(𝑥) is the objective function of n variables and E is a subset of R containing the 
constraints of the variables (feasible region) [11]. 

The solution of the problem will depend on 𝑓(𝑥) and E the feasible region. The 
following types of optimization were discovered to satisfy each of the following 
cases:  

The first one is when E is ℝ then the problem does not have constraints. If 𝑓(𝑥)  is 
linear and E is a polyhedron then the problem will need Linear programing, 
otherwise Nonlinear programing. If 𝑓(𝑥) and E are convex we need convex 
optimization. Next, when E is an integer we will need Integer Programing. Last 
but not least, Stochastic optimization is when the data is uncertain.  

All of the previous programing techniques have many subfields depending on the 
situation and the problem that was addressed at the time [11]. 
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4.2. Standard Problems 

Standard Form of A linear optimization problem: 
A linear function is defined as: 

𝑓(𝑥) = 𝑐.𝑥. + 𝑐+𝑥+ + 𝑐?𝑥? + ⋯+ 𝑐A𝑥A = 	N𝑐,𝑥,
A

,O.

 

Such that (𝑐., 𝑐+, 𝑐?,… , 𝑐A) 	∈ ℝA\𝑛 ∈ ℕ∗ 
A linear equation with f(x) is defined as: 

𝑓(𝑥) = 𝑏	\𝑏 ∈ ℝ 
A linear inequality f(x) is defined as: 

𝑓(𝑥) ≤ (≥)𝑏	\𝑏 ∈ ℝ 
A linear programing (LP) problem is defined as finding the max/ min of an 
objective function with a number of variable (n) subject to (s.t.), which is a finite 
number of linear constraints (m∈ ℕ∗). It is written in the form of: 

𝑍 = 𝑚𝑎𝑥/minN𝑐,𝑥,
A

,O.

\𝑛 ∈ ℕ∗	 

S.T. 
∑ 𝑞Y,𝑥,A
,O. ≤ (≥)𝑏Y, 𝑓𝑜𝑟	𝑒𝑎𝑐ℎ	𝑖 ∈{ 1,…, m} 

&	𝑓𝑜𝑟	𝑒𝑎𝑐ℎ	𝑘	𝑥, ≥ 0 
We can also write that in the form of a matrix notation c, which is the vector 
containing n value. So the problem will become:   

𝑚𝑖𝑛\max 𝑐`𝑥	 

S.T.  𝐴𝑥	 ≤ (≥)𝑏	𝑎𝑛𝑑	𝑥 ≥ 0		\𝐴 ∈ ℝb×A, 𝑏	 ∈ ℝb 
 

The feasible region will be defined using the objective function, and this will 
introduce a solution to the problem depending on its feasibility. 

The possibilities will depend on the constraints which defines the feasible region. 
thus a problem could be Infeasible (I,) if there is no feasible region. A problem 
could be feasibly bounded (F.B.) if it has a bounded region from all the corners. 
Finally, the problem could be feasibly unbounded (F.U.) which is an infinite 
feasible region from one side [11]. 
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4.3. The Graphical Method 

Let’s take an example the following problem:  Find numbers 𝑥.	𝑎𝑛𝑑	𝑥+ that 
(objective function) maximize the sum 𝑥. 	+	𝑥+subject to the constraints (s.t.) (non-
negativity constrains) 𝑥. 	≥ 	0, 𝑥+ 	≥ 	0, and 

𝑥. 	+ 	2𝑥+ 	≤ 	4		

4𝑥. 	+ 	2𝑥+ 	≤ 	12		

−𝑥. 	+	𝑥+ 	≤ 	1		

The following problem has five constrains on  𝑥.	𝑎𝑛𝑑	𝑥+. This problem can be easily 
solved by graphing the feasible region.  

 

Figure 1: Application of Graphical Method 

 

As we can see we graphed the equation, now comes the time to find the feasible 
region. Thus the feasible region would be the one in black and the corner points 
are: (𝑥., 𝑥+) , (0,1) , (3,0) , (2/3,5/3), (8/3,2/3). Consequently, plugging the corner 
points on the objective function will give us the result. So the max would be 3.33 
in the point (8/3,2/3). This problem was easy to solve using the graphical method, 
because of the small number of equations and the small number of variables [12].  
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The steps to tackle this problem are the following: 
1- Read and understand the problem. 
2- Write the objective function and the corresponding constrains. 
3- Find the corner points if the feasible region exists. 
4- Plug the values in the objective function. 
5- Then we got our solution. 

 

4.4. Standard Problem 

Solving problems with numerus variable and constrains will require other 
techniques, thus we will introduce new concepts that is the standard 
maximization and standard minimization problem.  

Standard Maximization problem would be:  max 𝑐`𝑥	  
S.T.  𝐴𝑥	 ≤ 𝑏	𝑎𝑛𝑑	𝑥 ≥ 0		\𝐴 ∈ ℝb×A, 𝑏	 ∈ ℝb 

Standard Minimization Problem would be:   Min 𝑐`𝑥	  
S.T.  𝐴𝑥	 ≥ 𝑏	𝑎𝑛𝑑	𝑥 ≥ 0		\𝐴 ∈ ℝb×A, 𝑏	 ∈ ℝb 

Please note that the constraints are written as ≤ for the standard maximum 
problem and ≥ for the standard minimum problem. Also note that the non-
negativity constraints are the same. 
A Minimization problem can be switched to a maximization problem just by 
multiplying the objective function by -1 and put 𝑧 = −𝑤 [10]. 

4.5. Duality 

There is another way to convert a maximization problem to minimization one. This 
method is the Duality and those two problems are intimately related. For example, 
let’s take the definition of the standard maximization problem: 

Standard Maximization problem would be:   max 𝑐`𝑥	  
S.T.  𝐴𝑥	 ≤ 𝑏	𝑎𝑛𝑑	𝑥 ≥ 0		\𝐴 ∈ ℝb×A, 𝑏	 ∈ ℝb 

The Dual problem will introduce a vector y of m numbers of variables such that:
    	Min 𝑦`𝑏	  

S.T.  𝑦`𝐴	 ≤ 𝑐`	𝑎𝑛𝑑	𝑦 ≥ 0		\𝐴 ∈ ℝb×A, 𝑏	 ∈ ℝb 
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Let’s have our previous example: 𝑚𝑎𝑥	𝑥. + 𝑥+  
S.T.  𝑥. 	+ 	2𝑥+ 	≤ 	4		

4𝑥. 	+ 	2𝑥+ 	≤ 	12		

−𝑥. 	+	𝑥+ 	≤ 	1	 
𝑥. 	≥ 	0, 𝑥+ 	≥ 	0, 

 
This dual of that problem is: min 4𝑦. 	+ 12𝑦+ 	+ 𝑦?	 

S.T.  𝑦. 		+ 4𝑦+ − 𝑦? 	≥ 1		

2𝑦. + 2𝑦+ + 𝑦? 	≥ 1 
𝑦. ≥ 	0, 𝑦+ ≥ 	0, 𝑦? ≥ 	0		

Both the dual problems will result in the same optimum solution.  

The Duality Theorem: If a standard linear programming problem is bounded 
feasible, then so is its dual. Their values are equal, and there exists optimal 
vectors for both problems.  

The strong duality problem: If the primal (dual) has an optimal solution x then 
the dual has an optimal solution y such that 𝑐`𝑥 = 𝑦`𝑏.  

This method helps obtain results by switching the problem around [13]. 

4.6. Simplex Method 

4.6.1. Proof of the simplex 

First, we need to assume that the problem has a solution. Conditions for that 
should be: 

1- If it has a feasible solution, it should be non-empty and bounded (from one 
side at least). Then an optimal solution exists on an extreme point.  

2- If an optimal solution does not exist, the problem is unbounded. 

We will solve a standard Maximization problem. 

We first start by proving that extreme points  happen when the columns of A2 are 
linearly independent. To do that, we will prove the opposite. We will suppose that 
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𝐴 = [𝐴.𝐴+], and there exists an 𝑥+ such that 𝐴+𝑥+ = 𝑏, 𝑥+ > 0 . Then, the columns 

of 𝐴+ are linearly dependent if and only if 𝑥 = 	n o
pq
r is not an extreme point in S.  

If the columns 𝐴+ are linearly dependent, then there exists a vector 𝑐 ≠ 0 such that 
𝐴+𝑐 = 0.  

(definition of the limit) Then 𝑎	𝑠𝑚𝑎𝑙𝑙	𝑛𝑢𝑚𝑒𝑏𝑒𝑟	∃𝜀 ∈ ℝ		𝑠𝑢𝑐ℎ	𝑡ℎ𝑎𝑡	𝐴+	(𝑥+ + 𝜖𝑐) =
𝑏	𝑎𝑛𝑑	𝐴+	(𝑥+ − 𝜖𝑐) = 𝑏. Basically, we have two close solution to x, so we can say 
that x lies on the line between those two new points. This would say ∃𝜆 ∈]0,1[, 𝑥 =

𝜆𝑣 + (1 − 𝜆)𝑤	𝑠𝑢𝑐ℎ	𝑡ℎ𝑎𝑡	𝑣 = n o
{qOpq-|}

r 𝑎𝑛𝑑	𝑤 = n o
~qOpq�|}

r, so basically 𝑏 = 𝐴𝑣 =

𝐴+𝑣+ = 𝐴+𝑥+	𝑠𝑜	𝐴+(𝑥+ − 𝑣+) = 0. 

In order for a point to be an extreme one in S, the columns of 𝐴+ should be linearly 
independent. The number of elements in x are m, so the non-zero elements should 
be normally a number less or equal to m [14].  

Constructing a basic solution to start with: Choose m linearly independent 
columns of A with the corresponding components of x. Play with row operation 

until you have a basic solution such that [𝐵	𝑁] = �p�
o
� = 𝐵𝑥� = 𝑏	 => 𝑥� = 𝐵�.𝑏. 

Now  𝑥 = np�
o
r 𝑖𝑠	𝑎	𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛	𝑎𝑛𝑑		𝑥�𝑖𝑠		𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒	𝑜𝑟	𝑒𝑞𝑢𝑎𝑙	𝑡𝑜	0. 

The slack variable introduces a new way of finding the basic solution by making 
them at their max. Then we find the first solution before starting the process. 

So how can we make a variable leave the objective function?  For that purpose, we 
will divide the objective function into Basic and Non-basic variables, thus making 
𝑜𝑢𝑟	𝐴𝑥 = 𝐵𝑥� + 𝑁𝑥C becoming 𝑥� = 𝐵�.𝑏 − 𝐵�.𝑁𝑥CWe also need to make the 
changes in the objective function such that we eliminate 𝑥� from it. This will make 
an equivalent objective function such that: 𝑧 = 𝑐`𝑥 = 𝑐�`𝑥� + 𝑐C`𝑥C = 𝑐�`𝐵�.𝑏 +

(𝑐C` − 𝑐�`𝐵�.𝑁)𝑥C =

𝑜𝑢𝑟	𝑛𝑒𝑤	𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒	𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛	𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡	𝑡𝑜	𝑡ℎ𝑒	𝑓𝑖𝑟𝑠𝑡	𝑏𝑢𝑡	𝑤𝑖𝑡ℎ	𝑛𝑒𝑤	𝑏𝑎𝑠𝑖𝑠. 
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So assume that we have 𝑥, that needs to enter the basis. The system Ax=b can 
now be  𝑥� = 𝐵�.𝑏 + 𝐵�.𝑎,𝑥, = 𝑛𝑒𝑤	𝑏 + 𝑛𝑒𝑤	𝑎,𝑥,. Where the number 𝑎,is basically 
the column k in A. 

Since we need a new basis that is feasible 𝑥� should be positive. Thus 𝑥, should be 
increased enough to not make 𝑥� negative. So  

𝑥, ≤
𝑜𝑢𝑟	𝑛𝑒𝑤	𝑏𝑎𝑠𝑖𝑠
𝑛𝑒𝑤	𝑎,𝑥,.

 

So basically we will represent all of that in a table in order to well describe it. 

Table 1: Formulation of The Simplex 

Basis 𝑥� 𝑥C 𝑧  
x B N 0 b 

𝑧 − 𝑐`𝑥 −𝑐�` −𝑐C`  1 0 

 

We first perform row-operations transforming B to I and we eliminate the 𝑐�` to 
arrive to the optimum with 𝑥� as a basis giving us the following table: 

Table 2: Row Operation on The Simplex 

Basis 𝑥� 𝑥C 𝑧  
𝑥� I 𝐵�.𝑁 0 𝐵�.𝑏 
𝑧 0 𝑐�`𝐵�.𝑁 − 𝑐C` 1 𝑐�`𝐵�.𝑏 

This table would be the optimum solution if all the argument of z are positive. The 
solution would be 𝑐�`𝐵�.𝑏, if not we will repeat the same process until we find the 
optimum solution [14]. 

4.6.2. Steps Used in the Simplex for Each Case 

This is the best time-efficient and successful method for solving Linear problems. 
Thus the theory behind this method would be discussed using an example. 



 16 

Let’s take the standard maximization problem used on the previous example:  

𝑚𝑎𝑥	𝑥. + 𝑥+  
S.T.  𝑥. 	+ 	2𝑥+ 	≤ 	4		

4𝑥. 	+ 	2𝑥+ 	≤ 	12		

−𝑥. 	+	𝑥+ 	≤ 	1	 
𝑥. 	≥ 	0, 𝑥+ 	≥ 	0, 

1- We need to add the slack variables to turn those inequalities to equalities. 
The equation 𝑥. 	+ 	2𝑥+ 	≤ 	4 would become 𝑥. 	+ 	2𝑥+ + 𝑠. = 	4 such that 𝑠. is an 
unknown that must be positive or equal to 0. This would be repeated to all the 
constraints. We have here 3 constrains (Excluding the non-negative constrains), 
so we need to add 3 slack variable. The problem will become: 

𝑥. 			+ 	2𝑥+ + 𝑠. 																						= 	4		

4𝑥. 	+ 	2𝑥+ 										+ 𝑠+ 											= 	12		

−𝑥. +	𝑥+ 																						+ 𝑠? 		= 	1	 
 
With three additional non-negativity constraints 𝑠. ≥ 	0, 𝑠+ ≥ 0, 𝑠? ≥ 0  

2- Now we need to set up the simplex table while taking into consideration the 
objective function. 

The simplex table would have the following form: 

Table 3: Initial Simplex Table 

equations x1 x2 s1 s2 s3 z  

x1 + 2x2 +s1=4 1 2 1 0 0 0 4 

4x1 + 2x2+s2 = 12 4 2 0 1 0 0 12 

−x1 + x2+s3=1 -1 1 0 0 1 0 1 

z-x1-x2=0 -1 -1 0 0 0 1 0 

As you can see we put all variables like we are setting a matrix, and we put the 
objective function in the bottom. Note that the last row contains the objective 
function transferred to one side, and the right side equal to 0.  
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Please note that we call 𝑥.	𝑎𝑛𝑑	𝑥+ non basic variables and the others basic 
variables. 

PS: The first solution taken to the table is stated on it by making all the slag 
variables to their max, thus making x1 and x2 equate 0. 

3- The next step is to go to the most negative indicator in the last row. If they 
are equal, choose the one on the left to simplify the calculations. 

Table 4: Pivot in the Table 

 

Thus we have our column, now moving on to finding the pivot. 

4- From the previous column, we will choose the smallest non negative 
quotient. Disregard any quotients with a 0. Note that if all the quotients 
must be disregarded, no max solution exists. If two quotients are equal, 
choose the one in the row closest to the top. 

In our example we have 4/1 and 12/4. The smallest one is 12/4 and it would be our 
smallest quotient. Thus the pivot would be 4 on the 1st column 2nd row. 

5- Use the right row operation to make all other number in the pivot column equate zero. 

In our example we will ¼R2->R2 then -R2+R1->R1 and R2+R3->R3 and also R2+R4->R4 

our table would be: 
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Table 5: Swap on the Simplex 

equations x1 x2 s1 s2 s3 z  

x1 + 2x2 +s1=4 0 3/2 1 -1/4 0 0 1 

4x1 + 2x2+s2 = 12 1 1/2 0 1/4 0 0 3 

−x1 + x2+s3=1 0 3/2 0 1/4 1 0 4 

z-x1-x2=0 0 -1/2 0 1/4 0 1 7/3 

6- If the indicators ( the last row ) are all positive or 0, this is the final table. 
If not, go back to step 3  and repeat the process until the table doesn’t 
contain any negative indicators.  

In our case we still got -1/2 in the second row on the objective function. So we need 
to redo the process. 

Our pivot column is the 2nd because it contains the most negative number -1/2. 
The pivot would be 3/2 in the 1st row 2nd column, because it has the smallest 
quotient. The next step would be  2/3R1->R1, and equating the others to 0. The 
table will become: 

Table 6:Second Step in Row Operation 

equations x1 x2 s1 s2 s3 z  

x1 + 2x2 +s1=4 0 1 2/3 -1/6 0 0 2/3 

4x1 + 2x2+s2 = 12 1 0 -1/3 1/3 0 0 8/3 

−x1 + x2+s3=1 0 0 -1 1/2 1 0 3 

z-x1-x2=0 0 0 1/3 1/6 0 1 7/3 

All the coefficient of the objective function from this table are positive, so it is our 
last table.  

7- From the last table we read the solution. 
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In our case the solution would be 𝑥. = 	2/3	𝑎𝑛𝑑	𝑥+ = 8/3, and our max would be 
7/3. This is the same solution obtained by the graphical method.  

The steps to solve a standard maximization problem are the following [14]: 

1- Determine the objective function. 
2- Write all the necessary constraints. 
3- Convert each constraint into an equation by adding a slack variable in each. 
4- Set up the initial simplex table. 
5- Locate the most negative indicator from the objective function. 
6- From the column of the indicator, we choose the smallest non negative 

quotient. Disregard any quotients with a 0. Note that if all the quotients 
must be disregarded no max solution exists. If two quotients are equal chose 
the one in the row closest to the top. 

7- Use the right row operation to make all other number in the pivot column equate zero. 
8- If the indicators ( the last row ) are all positive or 0, this is the final table. 

If not, go back to step 5  and repeat the process until the table is with no 
negative indicators.  

9- Read the solution. 

Since we know how to solve the standard maximization problem, we can also solve 
the standard minimization problem by converting  it to a standard maximization 
and solving for the solution.  

Moving on, suppose we have a problem with mixed constrains which cannot be 
switched to a standard problem we call them non-standard problems. The steps to 
solve them are [14]:  

1- Convert the problem to a maximization problem ( if w if the objective for the 
minimization make 𝑧 = −𝑤	as an objective function for the maximization 
problem) 

2- Add slack variable and subtract surplus variables as needed. 
3- Write the initial simplex table 
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4- If any basic variable has a negative value locate the non-zero number in 
that column and note the row. 

5- In the row located in (4-) find the positive entry farthest to the left and note 
the column.  

6- In the column of (5-) find the pivot by inspecting quotients. 
7- Use row operation to change the other numbers in the pivot to 0. 
8- Continue step 4 to 5 till we find a solution by making all the basic variable 

non negative. If it is impossible to continue the same operation there is no 
solution. 

9- Once a solution found use the normal simplex method to find the optimum 
one. 

The same initial problem was solved using R and the Script used was: 

We included the library of linprog in order to make the process easy. 

- library(linprog) 
- c<- c(1,1) 
- b<- c(4,12,1) 
- A <- rbind(c(1,2),c(4,2),c(-1,1)) 
- print(A) 
- res <- solveLP(c, b, A, maximum=TRUE) 
- res 
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Results of Linear Programming / Linear Optimization 

 

Figure 2: Result of the Problem Using R 

5. Financial Optimization 

5.1. Overview of Financial Optimization 

Finance is the study of how to get money for an investment and how to manage 
that money. Finance could be broken down into three subparts. The first one is 
personal finance, and it represents the financial position of someone or a family. 
This analysis will strongly depends on someone’s earnings and objectives in life. 
The second part is corporate finance, which represent the financial activities that 
are required to run a corporation. Such activities could be fund raising for a 
project, for instance. The third part is public finance, and it includes all the action 
taken from taxes spending , budgeting to pay for all the things that it offers for 
the people [15].  
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Using the optimization techniques to come out with an effective portfolio obeying 
to some circumstances. This will allow the investor to make the right decision in 
order to make money and save effort to achieve a certain objective. The purpose of 
this is to make good investments and make good use of money. 
  
The previous method could be used in order to meet an obligation in the future. 
For example, we can invest some of our assets to pay a liability in the future. This 
is defined as assets and liabilities matching. The time to meet a liability differs 
from one institution to another. For example, life insurance companies make an 
approximation of the time they need to meet a liability, as this is related to the 
nature of their product. For banks, there is a lot of money that can be invested, 
however, meeting risk and maturity could be a problem. Other small industries 
and companies’ will to invest their money carefully depends on their willingness 
to take risk [10]. 
 
Financial institutions around the world use portfolio optimization in order to 
increase their return and, at the same time, meet their liabilities. Some big 
institutions suffered huge mismatching, which led to a dramatic rise of inflation 
in the market. Thus, an improved way of matching should see the light. There are 
two main ways of matching. The first one is national direct matching in all kinds 
of securities, while the second way is applying creative immunization techniques. 
We could even insure a project now to reduce the risk. The Matching process 
should be precise and with a defined risk accepted by the company. Furthermore, 
this risk should not exceed the company’s capacity, otherwise, solvency could 
threaten the business [16].  
 
In order for a financial institution to make a decision of borrowing, buying or 
selling an asset, a cost to return analysis should be done, which are returns and 
risks taken in each analysis made. All of that should be in the scope of the 
company’s ability to pay its obligations. The investment should have a predefined 
risk and a predefined return that, normally, should be met in the future. However, 
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as we do not know the future, we just try to minimize the risk and approach our 
desired output. 

5.2. The Portfolio Problem 

The most important asset in this universe is time. All the things that we have are 
affected with time, such as food, health, and even our position. Money  is also 
affected by time, and this by the simple reason that one dollar now is not worth 
the same as it will in the future. This is called the time value of money. Let’s say 
you are an investor, and you have the choice to receive 10000$ now or one year 
from now. Which one would you choose? Let’s start with the option of taking the 
money now. This would allow the investor to make other investments get more 
return in the future on that money. However, taking the second option would lead 
to lose this privilege which we call opportunity cost. A reasonable investor would 
take the money now.  
 
Companies face the same problem when they have a return. Let’s assume that a 
company has met its obligations, has its working capital, and has taken all the 
necessary precautions to avoid having any financial problems in the future, but it 
has some extra funds not in use. The value of that fund will start reducing in the 
future if it is not invested with at least the inflation rate. The market is moving, 
and the value of one dollar through time is reduced. Thus, investing that 
additional amount would be a better use of it.  
 
In this case, even losing the amount will not affect the day to day operations of the 
company but it will reduce its value. Thus, the company should make sure to 
invest with a reasonable risk, or use it. Sometimes, companies have the idea to 
make better use of money, and they invest the current money in order to have a 
future expected return, and the initial money is often used to pay a liability that 
is due. Ultimately, the option of losing the money does not exist. Consequently, 
the best option for companies is to make a good investment with a reasonable and 
defined risk in order not to lose their credibility and keep their reputation intact. 
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This introduced a good way of modeling the return and the risk taken by investing 
in companies, called portfolio making. A portfolio is a combination of financial 
assets, stocks, bonds, and cash. A good portfolio combination of companies is one 
in which we can invest and make a profit with a predefined risk [17].  
 
A successful investment would be in a public company, because they met certain 
criteria before going public, and also because of the liquidity of the market, with 
an attractive return. It is important to point out that investing in startups should 
be avoided because of the high risk incurred. An understanding of the way 
companies make money is compulsory. This investment should be reasonable and 
within the limit of the investor, so it is better not to invest a lot to get a small 
return, as this will limit the investor’s possibilities. A good company to invest in 
should be expected to last forever with a limited debt and effect from extrinsic 
factors. Similarly, investing in a company with a product that cannot be improved 
or a company that has little to no competition in the sector is also good; If possible, 
it is advisable to invest in a company which is not controlled by shareholders to 
avoid being in the wind of the controlling shareholder [18].  
 
There are various ways to invest in a portfolio. One way is the investor searching 
for companies by him or herself and decide which one to choose based on his or her 
own valuation and own willingness to take risks. Another method is to find 
someone who would do that for the investor with a good deal, which is called 
mutual fund investment. One reason to go for a mutual fund investment is that 
the person can invest as a part of a big portfolio in which he or she can reduce his 
or her risk by investing in big companies. This is basically hard to reach by one 
middle investor [18].  

5.3. Assumption’s definition 

In order to maximize or minimize a portfolio we need, first, to determine our 
variables. The variables used generally in such a problem are ‘Risk’ and ‘Return 
of the stock’. Either the algorithm will fix the risk and then maximize the return, 
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or it will fix the return of the portfolio and minimize the risk. The strategy I chose 
in order to deal with such challenge is to fix the risk and then maximize the return. 
 
Objective function: Maximize the Return of the stock. 
Constraints: Constraint about the riskiness of the investment.  
  Another one to diversify the portfolio. 
  Non-negativity constraints.  
The method used is the simplex method, which will be explained later on. 

5.3.1. Objective function 

In this portfolio optimization algorithm, I chose to maximize the return while 
fixing the risk. Such algorithm will require a great amount of data that should 
normally represent the current situation of the company. I chose a period of 3 
years since, according to a paper “Estimating risk Parameters”, a good estimation 
of this time requires a substantial amount on information about the company. 
Normally, in statistics, the greater the amount of data you have about something 
the better it can be, but that property should be constant. This is not the case for 
companies because they are constantly changing, and trying to follow the market 
needs by developing their strategies. It is said that we can work with a company 
that has remained relatively constant over a period of time. The expected return 
on that company could be the average return of that company. I also made the 
choice of picking the daily return because of the substantial amount of information 
existing on the market related to that field. However, choosing a daily return could 
affect the regression model and, especially, the beta. This is mostly in the instance 
that a company can have a day in which they made some return that did not 
appear on the stock because it was not traded that day. An illiquid firm could 
report lower beta due to not trading the stock, as a liquid firm could declare a 
higher beta driven by the same cause. There are ways to adjust for such problem, 
namely “Post-Regression Beta Adjustments” [19].  
 
The first assumption taken for this program is that the future return of the 
company could be estimated using a daily 3 days return. The second assumption 
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is that the state of the company over those 3 years is stable, assuming that they 
did not change any strategy, and kept expanding or constantly not changing. 

5.3.2. Constraints: 
5.3.2.1. Risk 

Risk is a part of human lives from the moment we open our eyes in the morning 
till we close them to sleep. Even while sleeping, one is taking a great risk. In our 
current world, we have new perception of risk in which we take safety, food, water 
and all the basic things of life as granted. All those things are as good as they can 
be, reducing the risk for them to be eradicated to approximatively zero. 
Throughout the history of mankind, high risk was related to great reward. Let’s 
take for example the Spanish’s discovery of America, which was an undirected 
voyage in the hope of reaching the land of silk, India. This led them to discover a 
whole new continent that had much more resources to offer than India. Taking the 
risk of proving that earth was round, and that, by going east, we will reach the 
west was a great risk. At that time, physical risks were related to economical risks, 
thus, if you take a risk of death while going to China for silk and come back alive, 
you were going to be rich. In our current world, these two risks are separated. 
Buying an option in stocks can easily make a person rich without them even 
having to move a finger, if his or her choice is wise and well-studied. Similarly, 
paragliding or skydiving tend to expose the person to a great physical risk without 
even having an economic impact. It could even be considered as lowering your 
income. The economic risk is our concern in this optimization constraint.  
 
Before talking about the economic risk, we need, first, to look at the intersection 
line between risk and uncertainty. Frank Knight summarized the difference 
between them in relation to the fact that risk is a measurable uncertainty and 
would really be different from uncertainty. A good example to illustrate this is one 
where we assume to have a box full of black and white balls, and bring two people 
in. The first one is told that there is three white balls for each black one, while the 
second is left ignoring that fact. The game would be to guess which ball is going to 
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pop out from the box. The first guy knows that there is a 75% chance that a white 
ball will pop up, However, the second one would probably think that there is a 50% 
chance for each color. The first guy represents the risk, however, the second one is 
the pure definition of uncertainty. This actually applies in the real market, as the 
more information you have about the securities and the company, the higher the 
chances for you to guess what their performance would be. This normally sets the 
line between theoretical and actual competition in a stock [20]. 
 
It is really hard to define the risk of the company just by looking at its stock price, 
and maybe it is impossible to know the way the stock is going to move. The 
example of  the guy without any information asked about the movement of the 
stock illustrate this issue. Basically, he/she will set three options with equal 
weights. Either the stock is going to stay the same, go up or go down. There is a 
risk of 1/3 to guess the answer and with each stock you are buying the probability 
will stay the same. Obviously the risk you are taking is 1/3 for each one of them. 
If the current world was working like that, no one would buy a stock with a 2/3 
chance to not get anything, and even a 1/3 case that he will actually lose money. 
That is why we created a better way that help us to find a solution for our problem.  
 
Before calculating any risk, we need to have some knowledge about the company 
we are investing in. Normally if the company is public it should describes its actual 
situation by sharing the three most important pieces in finance: the income 
statement, balance sheet, and statement of retained earnings. Those three pieces 
represent a really good summary of the past situation in the company. There are 
also the press realizes that also corrects the companies situation in a good way. In 
order to respond to those publication, and depending on the analysis of each 
investor, the stock price is going up or down with a reasonable and logic analysis. 
If we have all those component, the market could be described as efficient and 
transparent. Even the distribution of the dividend should normally be reflected on 
the stock price [18].  
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The assumption taken are that the market is transparent and efficient. Thus the 
market represents the actual situation of the company.  
 
The most important thing when we define the risk, is that we need to reduce it. In 
order to reduce it in the world of economics, we first start by identifying the types 
of securities existing. There are three types, the first one is debt securities, low 
risk, which are represented by bonds, banknotes and debentures. The second type 
is equity securities, more riskier than bonds because of the default risk premium, 
that are common stocks. The last and riskier security are the derivatives, either 
you win everything or you lose everything. An example of derivatives are options 
and swaps. All those things are usually sold and traded on the market depending 
on the wiliness and the analysis of each investor. If an investor is sure that the 
stock will go up basically, and options were presented. He/she should go for them, 
because they will give the greatest return. If the investor believes that there is a 
risk that the stock will not go up, he should asses that risk and go for the most 
convenient option while keeping in mind that the higher the risk the higher the 
expected return or loss. 

5.3.2.2. Diversification to reduce the risk 

The market is like a sea with an added amount of water in each period. There are 
high and low tides which means that when a company loses money there are 
somewhere another company which gained that money. Thus it is better to invest 
in two companies and hope when one of those will lose money, the other one will 
offset that amount by increasing its value. By investing in two companies, you are 
decreasing the chance that both of them will perform badly. Thus a portfolio 
diversification is needed to decrease the risk associated with an investment. An 
investor can diversify by asset class, this by investing in different classes of the 
previously stated securities. A good way of seeing that would be if stocks goes 
down. This means that the investors are being risk averse, and will atomically 
start investing on bonds which will lead to an increase in their prices. Thus a 
balance would be kept in the portfolio. The second way of diversifying is by 
investing in different industries. Let’s suppose a portfolio made only from banks. 
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The change in one bank could contribute and have a direct link with other banks, 
so the drop of one banks stock would affect the others especially in the case of 
external factors like a change in the interests rates leading to a double lose for the 
investor who both those two securities. However, investing in two different 
industries is subject to less risk of having a bad performance. There is a limit for 
diversification related to the foundations of the market. If we are in extreme 
conditions in the market, the diversification will be less effective because the 
whole prices are going down. This happens when the market crashes or a 
government defaults. The market become illiquid and the prices of all the 
securities will go down. Thus everyone will lose money in that case [21].  

5.4. Mathematical model of the algorithm 

Maximize: 𝑟.𝑤. +	𝑟+𝑤+ +	𝑟?𝑤? +⋯ . . +	𝑟A𝑤A 
S.T.  𝑏.𝑤. + 𝑏+𝑤+ + 𝑏?𝑤? + ⋯ . .+	𝑏A𝑤A 	<= 	𝑏�A��p	

𝑤. + 𝑤+ +	𝑤? + ⋯ . . +	𝑤A 	= 1	

𝑤. ≥ 0	, 𝑤+ ≥ 0,𝑤? ≥ 0	,… . , 𝑤A ≥ 0	

The index is the reference of the whole market. The most important one in the 
American industry is the Standard & Poor’s 500 index (S&P 500). The S&P500 
represents 505 stocks issued by 500 companies with a really huge market capital. 
The index is considered as the one representing the US economy because of the 
large portion of the economy that it represents. It is also a good measure of 
liquidity, market size and industry of the US economy. The S&P 500 is said the 
preferred index in the US for giving a higher weighting to big companies. However, 
other indexes like The Dow Jones Industrial Average (DJIA) is considered 
overrating stocks because it gives more expensive stocks high rating. In some 
cases this could be miss leading.  
 
Since the simulation of my algorithm would be done of the US market, I am 
choosing the S&P 500 as the index representing the US stock market.  
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5.5. Central limit theorem 

The theorem states that for a given sufficient large sample, with a finite variance. 
The mean of that sample would approximatively be equal to the mean of the 
population. The larger the sample the better is the approximation of the 
population. The theorem would be used as a basis for Monte Carlo simulation [22].  

6. Application of the algorithm 

In the next section of this report we are going to start applying the program by 
first introducing what programing language will be used.  

6.1. Language Used 
I chose the use of the R language for its usefulness when it comes to treating data. 
The programing language was developed in the scope of a project called S a few 
decades in the Bell labs. The language contains hug amount of libraries related to 
statistics which will allow you to perform regression analysis in an easy and 
automatic way. The program also improves the way of expressing peoples thoughts 
without overthinking the algorithm behind. The Language helps to introduce a 
good and systematic way of creating variable and logical factors. The example of 
relating dependent and independent variables would be easy and simple to apply. 
Let’s say the variable Y is dependent on X and Z. The R formula to make that 
would be easily: Y ~ X+Z thus making the relation easier to apply. The second 
thing R is good is that it had many types of data that help doing a lot of operations 
easily. Like Mathlab, R simplifies working with vectors and performing operation 
on them. The usefulness of R consist in concentrating on our thoughts and forget 
some programing issues and codding details [23]. 
 
In my program I would be using some libraries. The first ones would be the main 
libraries used in R and installed automatically. The base packages contains some 
functions that defines the rules of graphing and colors. There is also the Stats base 
package which adds the main regression functions. In order to use the simplex 
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method, I included one package which helped with the process of solving a 
standard maximization problem. The program will require the Matrix A along 
with the vector b which defines the constrains, and also the vector c which contains 
the constants of the objective function which we need to maximize. The name of 
the library is “linprog”. The library is made by Arne Henningsen and first 
published on 10/17/2012. The function I used to solve the program is called 
solveLP( c, b, A) which got the simplex method algorithm embedded on it. The 
function’s description would be to Minimizes (or maximizes) c′x, subject to 𝐴𝑥 ≤
	𝑏	𝑎𝑛𝑑	𝑥 ≥ 	0. The constraints sign could be defined in one of the arguments in the 
function. The program follows the initial publication of the simplex algorithm the 
one made by Dantzig, George B [24].  
 
The way I used to define the objective function is by choosing a regression model 
between the independent variable that would be the index and the security for 
which we want to find the beta. It represents the volatility of the stock which is a 
measurement of the riskiness of the company with respect to the index or basically 
the 500 companies representing the US economy. The program in Appendix A 
loops around stocks generating a regression model that will allow you to find the 
line equations representing the relationship between the change in the stock price 
and the index.  

6.2. Actual Application 
The companies I used for my simulation are: 
Table 7: List of Companies Used 

Industry The Company The Whole name 

Finance and Banking WFC Wells Fargo &Company 
Finance and Banking BAC Bank of America Corp 
Energy CHK Chesapeake Energy Corporation 
Energy SWN Southwestern Energy Company 
HealthCare CELG Celgene Corporation 

HealthCare PFE Pfizer Inc 
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Industrial BA Boeing Co 
Industrial GE General Electric Company 

Industrial UTX United Technologies Corporation 

Utilities AES The AES Corporation 
Utilities PPL PPL Corporation 

Utilities SO Southern Company 
 
As said previously the data extracted for each security will represent the past 
three years of the company in the form of daily stock prices. The data concerning 
the index is also extracted on the same scale and rate. The regression function in 
R “lm()” will generate the model with its coefficients beta 0 “the intercept” and 
beta 1  “ The volatility of the stock with respect to the index”. I chose that the beta 
of the whole portfolio should be less or equal to 1 thus the riskiness of the portfolio 
should follow the past change of the index. I added one other constraint not 
allowing short selling by making the betta of the whole portfolio bigger or equal to 
0.  

6.2.1. Diversification 
For diversification purposes, I chose to first extend the portfolio on different 
industries. In the simulation made, I am taking two companies from each 
industry. The main issue with those companies are to find significant ones 
representing the industry. I choose companies from the stock market on the basis 
of two random companies from each industry. The date I choose as a reference for 
my algorithm is from 2nd of April 2018 to 4 years back of working days thus leading 
to around 1000 day. The return of each stoke was represented on a daily basis thus 
the average of the 3 years would lead to the average daily stocks return on that 
security. The optimization problem objective function was set by such a constraint 
leading to the maximum return for a range of beta and a diversification constraint 
of not exceeding 20% investment in each company.  

6.2.2. Beta estimation process 



 33 

The list of industries I chose are Energy, Finance, Healthcare, Industrial and 
Utilities. The companies taken are listed on the US stock exchange market and 
also impacts the S&P500 in a direct or indirect way. The program computes the 
regression line of the security with respect to the S&P500. It stores the output on 
a table with two columns the first is related to the beta 0 and the second to the 
beta 1. The values of beta one are calculated and stored on a vector that is column 
bound with the other constraints in order to formulate the matrix A that is sent to 
the program. The beta is set to be between 0 and 1, and this is basically putting 
the beta less or equal to the beta of the industry.  

6.3. Monte Carlo simulation 
The principal behind the Monte Carlo simulation consists of creating an imaginary 
population with a certain behavior. In our case we will run the code for the 
optimization for the years, 2015,2016, and 2017. Then we will calculate the return 
on the stock of 2018 and then simulate our result to see the actual return of the 
portfolio for the year 2018. There is an assumption taken that after having the 
result of our simulation the market is liquid leading to a systematic possibility of 
investing. There is another estimation that the dividend of the company is 
reflected on the stock price because of the efficiency of the Market [25]. 
 
When I got the return of the stocks in year 2018, I generated a 999 portfolios by 
taking five random stocks from the securities and investing 20% in each one of 
those. I then sum the return on each portfolio generated and stock it on a vector. 
The next step was to plot the distribution and locate my portfolios position with 
respect to a random generation of portfolios.  

7. Results 
The result of the program gives plots concerning the Beta calculation while 
showing the line and the regression distribution for the past three years. Then it 
moves to calculating the return of the companies based on the values given  
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%change. The program stores the result in a vector that is used later for the Monte 
Carlo Simulation.  
The result for the regression analysis is: the following figures: 

 
Figure 3: AES Regression 

 

 

 
Figure 4:BA Regression 

 
Figure 5:CELG Regression 

 

 

 
Figure 6: GE Regression 
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Figure 7:PFE Regression 

 

 

 

 
Figure 8: PPL Regression 

 
Figure 9: SO Regression 

 

 

 

 
Figure 10: SWN Regression 
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Figure 11: UTX Regression 

 

 

 

 
Figure 12: BAC Regression 

 
Figure 13: CHK Regression 

 

 

 

 
Figure 14:WFC Regression 
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The intercept output for the regression would be: 

 
Figure 15: Beta Vector 

Then the matrix is created that contains all the constrains. The matrix would be 
the following: 

 
Figure 16: Matrix A 

 
The return calculated on a daily basis for each stock and then put on a vector 
called r. the vectors output will look like: 
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The b function of the matrix would be: 

 
Then we plug everything to the function to find the optimums solution the solution 
would give us the following output: 

 
Figure 17: Solution of the Simplex 

This gives us the amount we should invest in each part. 
Then we need to calculate the return of the company for the next year. The vector 
shows the return on each stock. 
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The next step is to generate random portfolios and store their values into a vector 
(it contains 1000 variable which I couldn’t get all of them):  

 
Figure 18: Vector of Random Generation 

 
The solution was simply the multiplication of the solution from the simplex with 
the return vector which is named osol in the program. The density plot shows the 
solution position with respect to the random solution generated.  

 
Figure 19: Density Plot of Monte Carlo Simulation 
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Then I calculated the p-value of my solution which was basically: 

 
Actually to make a meaning to the P-value, we need first to identify what are we 
testing. The first thing we start with is: 
ℎo: 𝑇ℎ𝑒	𝐴𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚	𝑀𝑎𝑑𝑒	𝑖𝑠	𝑛𝑜	𝑏𝑒𝑡𝑡𝑒𝑟	𝑡ℎ𝑎𝑛	𝑎	𝑟𝑎𝑛𝑑𝑜𝑚	𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛	𝑜𝑓	𝑖𝑛𝑣𝑒𝑠𝑡𝑚𝑒𝑛𝑡 

ℎ.: 𝑇ℎ𝑒	𝐴𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚	𝑝𝑒𝑟𝑓𝑜𝑟𝑚𝑠	𝑏𝑒𝑡𝑡𝑒𝑟	𝑡ℎ𝑎𝑛	𝑎	𝑟𝑎𝑛𝑑𝑜𝑚	𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛	𝑜𝑓	𝑠𝑡𝑜𝑐𝑘𝑠	 
Since our P- Values is basically 5.54% which means we are more than 94% sure 
that the algorithm used is performing better than a random selection of the stocks.  

8. Conclusion and Future Work 
Using the simplex method to find the solutions for a selection of stock is 
performing way much better than a random selection of those stocks. The simplex 
method is a good approximate for such linear problem. However, the problem of 
the stocks goes way beyond linear programing and thus leading us to quadratic 
and stochastic programing.  
The model is still a good one performing way much better than a random model. 
The next step is to start a quadratic model based on the correlation table and 
include also other factors like liquidity, return on equity and payout ratio. Thus 
as a future work, I am thinking about extending my model and compare it to the 
current one. thus improving the accuracy and the degree of freedom. 
Since the project is done on a Morocco, I am thinking about applying the model on 
Morocco, but the problem faced is that the market is basically illiquid and still 
needs a lot of development and transparency. 
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Appendix A: Code Used in R 

rm(list=ls()) 

set.seed(24051997) 

 

library(linprog) 

library(readr) 

 

CHWFC <- read_csv("Finance/WFC Historical 

Data (1).csv")$`Change %`[245:980] 

CHBAC <- read_csv("Finance/BAC Historical 

Data.csv")$`Change %`[246:981] 

CHCHK <- read_csv("Energy/CHK Historical 

Data.csv")$`Change %`[245:980] 

CHSWN <- read_csv("Energy/SWN Historical 

Data.csv")$`Change %`[245:980] 

CHCELG <- read_csv("Healthcare/CELG 

Historical Data.csv")$`Change %`[245:980] 

CHPFE <- read_csv("Healthcare/PFE Historical 

Data.csv")$`Change %`[245:980] 

CHBA <- read_csv("Industrial/BA Historical 

Data.csv")$`Change %`[245:980] 

CHGE <- read_csv("Industrial/GE Historical 

Data.csv")$`Change %`[245:980] 

CHUTX <- read_csv("Industrial/UTX Historical 

Data.csv")$`Change %`[245:980] 

CHAES <- read_csv("Utilities/AES Historical 

Data.csv")$`Change %`[245:980] 

CHPPL <- read_csv("Utilities/PPL Historical 

Data.csv")$`Change %`[245:980] 

CHSO <- read_csv("Utilities/SO Historical 

Data.csv")$`Change %`[245:980] 

 

CHAPA <- read_csv("indexes/S&amp_3BP 500 

Historical Data (1).csv")$`Change %`[245:980] 

CHAP<- CHAPA 

 

Data2<- 

cbind(CHAP,CHWFC,CHBAC,CHCHK,CHSWN,

CHCELG,CHPFE,CHBA,CHGE,CHUTX,CHAES

,CHPPL,CHSO) 

n<- 

c("s&p500","WFC","BAC","CHK","SWN","CEL

G","PFE","BA","GE","UTX","AES","PPL","SO") 

 

for(i in 1:13) # Have 13 campanies 

{ 

  fname <- paste0(n[i],"regression.png") 

  l <- lm(Data2[,i] ~ Data2[,1]) 

  png(fname) 

  plot(Data2[,i], Data2[,1],xlab = n[i],ylab = n[1]) 

  abline(l) 

  dev.off() 

  if(i==1) 

  { 

    y<-coefficients(l) 

    r<- mean(Data2[,i]) 

  } 

  else 

  { 

    y<-rbind(y,coefficients(l)) 

    r<-c(r,mean(Data2[,i])) 

  } 

} 

rownames(y)<-n 

colnames(y)<-c("b0","b1") 

y 

 

 

c<-r[-1] 

y<-y[-1,2] 

 

b<- c(1.5,0,1,rep(0.2,12)) 

 

A<- rbind(y,-y,rep(1,12),diag(12)) 

 

res <- solveLP(c, b, A, maximum=TRUE) 
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CHWFC <- read_csv("Finance/WFC Historical 

Data (1).csv")$`Change %`[1:249] 

CHBAC <- read_csv("Finance/BAC Historical 

Data.csv")$`Change %`[2:250] 

CHCHK <- read_csv("Energy/CHK Historical 

Data.csv")$`Change %`[1:249] 

CHSWN <- read_csv("Energy/SWN Historical 

Data.csv")$`Change %`[1:249] 

CHCELG <- read_csv("Healthcare/CELG 

Historical Data.csv")$`Change %`[1:249] 

CHPFE <- read_csv("Healthcare/PFE Historical 

Data.csv")$`Change %`[1:249] 

CHBA <- read_csv("Industrial/BA Historical 

Data.csv")$`Change %`[1:249] 

CHGE <- read_csv("Industrial/GE Historical 

Data.csv")$`Change %`[1:249] 

CHUTX <- read_csv("Industrial/UTX Historical 

Data.csv")$`Change %`[1:249] 

CHAES <- read_csv("Utilities/AES Historical 

Data.csv")$`Change %`[1:249] 

CHPPL <- read_csv("Utilities/PPL Historical 

Data.csv")$`Change %`[1:249] 

CHSO <- read_csv("Utilities/SO Historical 

Data.csv")$`Change %`[1:249] 

 

CHAPA <- read_csv("indexes/S&amp_3BP 500 

Historical Data (1).csv")$`Change %`[1:249] 

 

 

CHAP<- CHAPA 

 

Data3<- 

cbind(CHAP,CHWFC,CHBAC,CHCHK,CHSWN,

CHCELG,CHPFE,CHBA,CHGE,CHUTX,CHAES

,CHPPL,CHSO) 

n<- 

c("s&p500","WFC","BAC","CHK","SWN","CEL

G","PFE","BA","GE","UTX","AES","PPL","SO") 

for(i in 2:13) 

{ 

  r3<- ((Data3[,i]/100)+1) 

   

  if(i==2) 

    r2<- (prod(r3)-1)*100 

  else 

    r2<-c(r2, (prod(r3)-1)*100) 

} 

osol<- sum(r2*res$solution) 

osol 

 

sims <- 999 

results<- length(1:sims+1) 

for (i in 1:sims) 

{ 

  sam<- sample(r2,5) 

  results[i]<- sum(0.2*sam) 

} 

results[sims+1]<- osol 

png("Densityplot.png") 

plot(density(results),main = "Monte Carlo 

Simulation") 

abline(v=osol) 

dev.off() 

pnorm(osol, mean = mean(results),sd = 

sd(results),lower.tail = F) 

 

 

 

 
 
 
 


