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ABSTRACT 

 

This capstone project aims to find an optimal set of routes for a fleet 

of vehicle, taking into consideration the time windows imposed by the client. 

This project consists of three main parts. The first one consists on 

development Traveling Salesman Problem with time windows code for each 

cluster using integer linear programming and ant colnoy. The second one 

will deal mainly with forming different clusters. The last step consists of 

combining every TSPTW code with the clustering one. By doing so we will 

be able to implement Fisher’s algorithm and obtain a VRPTW.  

 

 

 

 

 

 

 

 

 

 

 

 

Key words: VRPTW, TSPTW, Clustering, Ant Colony, Integer linear 

programming. 
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1.INTRODUCTION: 

1.1. Capstone Project Overview: 

The Vehicle routing problem is a combinatorial optimization problem considered 

as a major component of logistics and distribution management. It is a generalization of 

the travelling Salesman Problem. 

The major objective of this capstone is to produce an optimal set of routes for a fleet of 

vehicles in order to deliver to a given set of customers. In order to achieve these 

objectives we will start by defining the different constraints related to this project. Also, 

we will define the different objective variables that we will be using in order to run this 

model. 

To find the best solution we will consider different approximate algorithms (heuristics & 

meta-heuristics). Then, we will compare these ones in terms of output and running time. 

In this project, we will be using MATLAB to implement our algorithms. Also, we will 

use compiled data in order to test the algorithms implemented in MATLAB.  

By finding an optimal set of routes we will allow transportation companies to take 

maximum advantage of the resources available and reduce transportation costs related to 

transportation. The different methods that will be used will be documented correctly. 

1.2 Steeple Analysis: 

STEEPLE is an acronym standing for: Social, Technological, Economic, and 

Environmental, legal and ethical. This analysis is defined as an approach aiming to assess 

some aspects related to a specific service or product while considering its external 

environment. 

 Social: The optimization of routes has benefitted to companies that it serves in 

different ways. Also, it has also benefitted to societies especially in terms of 

safety preservation. By optimizing routes companies may avoid dangerous routes 

and accidents. The elimination of dangerous or miles that are unnecessary can 

considerably reduce the risks of having accidents. In 2015, Morocco counted a 

total of 78,864 traffic accidents. This problem causes to Morocco an economic 

loss estimated at 11 billion MAD per year, which represents 2.5% of the 
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Moroccan GDP. The optimization of routes will not only save money to 

Morocco, but it will also save the life of many people.  

 

 Technological: For this project, we will find the optimal set of routes for a 

number of vehicles, in order to deliver a set of customers. We will be 

implementing this project using integer linear programming. The software that I 

will use to implement my code is Matlab.  

 

 Environmental: The field of logistics has a vital role in our society. It ensures 

the synchronization of the supply chain with the demand. Transportation is one 

of the main resources used by this field. The main role of the transportation is to 

ensure the link between the different factors of the supply chain. Even it has a 

major role, the transportation is heavily criticized because of its negative impacts 

on the environment. Actually, 70% of the oil imported in Europe is consumed by 

the transportation. It is also responsible of 21% of gas emissions, 45% of it 

mainly due to road transportation of merchandise. The atmospheric pollution is 

not the only inconvenient related to transportation, noise pollution is also 

considered as one of the major problems that transportation engenders. Logistics 

is today a field of a great interest thanks to its dedication for flow and 

management optimization. The optimization is ranked today among the key 

factors that may considerably contribute to sustainable development by 

diminishing gas emissions. It may also ameliorate companies’ competitiveness 

and territories development.   

 

 Ethical: Optimizing set of routes is considered as one of the initiative toward 

sustainable and green logistics. This step will first of all reduce the 

environmental impact of transportation. Also, it will give more visibility to 

companies.   
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 Political & Legal:  There is not much to mention about the political and legal 

side of this project.  

 

 Economic: By opting for optimal routes, companies will save an important 

amount of money. Taking longer routes induces to a considerable increase in the 

amount of fixed costs. This VRP project will allow companies to optimize their 

approach and by the same time increase their net revenue in the long term. 
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2. METHODOLOGY: 

As mentioned earlier, this project aims at developing a code that will allow us find an 

optimal set of routes for any data. The side constraints that will be taken into 

consideration while developing the model are: Time Windows and Time Restriction. To 

achieve this goal the following methodology is to be followed.  

• The first part of project will consist of developing the TSPTW model that will be 

used in each cluster. Given a list of different clients that need to be visited and the 

distance between every two points, we will need to find the shortest possible path 

that will visit all the points. Also each city needs to be visited once and the 

vehicle needs to return to the origin city (depot) at the end. Also, to optimize our 

set of routes we will be using integer linear programming and ant colony system. 

To test this part of the code, we will be using Al Akhawayn University as a model 

for our TSP. The software that we will be using for this project is Matlab.\ 

 

• The second part will deal with the clustering. We will implement a code that will 

regroup the different points that need to be visited into different clusters. Each 

vehicle will be assigned to a cluster. We will be then able to use the TSPTW code 

implemented in the first part in each cluster.  

 

• The third part will consist of combining the codes developed previously in order 

to be able to obtain the VRPTW using Fisher’s algorithm. The TSPTW codes  

using integer linear programming and ant colony will be implemented as 

functions that will be called in every cluster . 
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3. LITERATURE REVIEW: 

3.1. Traveling Salesman Problem: 

  According to Laporte [1995], the travelling Salesman problem (TSP) is one of 

the most famous and studied problems in combinatorial optimization. In this problem, a 

commercial traveler must visit several clients by passing by each one only once. Also the 

main objective of the TSP is to minimize the total distance traveled. The TSP is modeled 

as a graph where the vertices represent the cities to be visited, and the edges the links 

between these cities. The weight associated with each edge represents the cost of the link 

between the two cities and generally corresponds to the distance between them. The 

objective is to find a cycle passing only once by all the vertices of the graph with a 

minimum length.[1] 

 The TSP is an NP-hard optimization problem. In fact, in its symmetrical version, 

which means in the case where the associated graph is not oriented, the total number of 

possible solutions is 
(n−1)! 

2
 where n is the number of cities. With such factorial 

complexity, an efficient solving of the TSP requires the use of heuristics or meta-

heuristics. In fact, the exact methods remain limited to small problems. [1] 

3.2. Vehicle Routing Problem: 

3.2.1. Definition:  

The Vehicle Routing Problem is an extension the Travelling Salesman Problem. 

Dantzig has introduced it in 1954 under the name of  “Truck Dispatching Problem.“ It 

is defined as an integer linear programming and a combinatorial problem that aims at 

finding an optimal set of routes for a fleet of vehicles, in order to deliver to a specific set 

of customers. All customers visited by a vehicle form a tour. Each customer must be 

served once and each tour starts and ends at the depot. The main objective of the VRP is 

to minimize the total route cost. The first algorithmic approach was applied to petrol 

deliveries. [2] Figure 1 is an example of the VRP with 8 customers, solved with 3 

vehicles. 
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   Figure 1:VRP Representation 

3.2.1.VRP Principal Variants: 

They exist several variations of vehicle routing problem. The principal variants of the 

basic VRP are: 

-CVRP: Capacited Vehicle routing problem. 

-VRPTW: Vehicle routing problem with time windows 

-VRPPD: Vehicle routing problem with pick up and delivery 
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These variants are not independent from each other. The VRPTW, the VRPPD and the 

DCVRP are three extensions of the CVRP.  

 

 

 

 

 

Figure 2:VRPTW as a CVRP  

3.2.3. Parameters: 

 The VRP is defined as the design of optimal roads through a single or multiple 

vehicle fleets to serve a set of customers or cities dispersed geographically and having 

known demands. This definition highlights the parameters that characterize a variant of 

the VRP: the transportation network, the clients and the vehicle fleet. Other constraints 

may be added to these three main parameters. A last parameter is found in the objective 

function to be optimized. [2] 

The transportation network: The transportation network may be symmetrical or 

asymmetric; Thus, the associated graph G = (V, E) will be oriented or not and the links 

between the vertices will be arcs or edges. [2] 

The clients: The main characteristic of this parameter is its demand for merchandise. The 

delivery of merchandise can be constrained to take place during specified time periods, 

called time windows. These constraints can be hard or flexible. In the case of hard 

constraints, an arrival before the time window imposes a waiting time, and the delays are 

prohibited; while flexible constraints can be violated and thus lead to penalties. Vehicles 

can deliver goods to the customers but they can also pick-up merchandise from a 

CVRP 

VRPPD VRPTW DCVRP 

Delivery and 

pickup 
Time windows 

Distance 

constraints 
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customer. This is referred to as delivery / pick-up or mixed service tours. Delivery and 

pick-up times can be significant and are therefore taken into account in the calculation of 

tour times. Also, access to a customer may be limited to a subset of vehicles only. [2] 

The vehicle fleet: 

The number of available vehicles may be fixed or not. It should be noted that in the case 

of a single vehicle, the problem of tours is still different from the travelling salesman 

problem because the delivery of the various customers can be carried out in several 

rounds. A vehicle may be associated with a particular depot or not. Also, vehicles may 

have a maximum capacity in terms of goods transported (volume, weight etc.). In the 

case of a heterogeneous vessel, this capacity may differ depending on the type of vehicle. 

[2] 

The objective function: 

The most common objectives are either the minimization of the number of vehicles used 

or the minimization of the total distance traveled by the vehicles. Other objectives may be 

considered, for example: 

-The minimization of the total duration of the tours 

- The minimization of the total cost of the tours (taking into account the costs of vehicles, 

drivers, etc.) 

- The minimization of the penalties related to the violations of the constraints, in 

particular in the case of temporal windows 

- The maximization of the gains generated by the tours 

The objectives of minimizing the number of vehicles and the total distance (or duration) 

of the rounds are conflicting: the reduction in the number of vehicles usually results in an 

increase in the total distance traveled. Note that in multi-objective approaches, a weighted 

sum of these objectives can be considered. [2] 
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3.2.4. Mathematical Formulation:  

The formulation of the VRP presented here corresponds to the mathematical 

formulation used in linear integer programming. It translates the natural 

modeling of the problem by defining a binary variable xijk equals to 1 if the 

vehicle k traverses the arc (vi, vj), noted more simply (i, j). This formulation 

is the most widely used in the literature. [2] 

Transportation problems are modeled by a graph G=(V,E), with V = {v1,··· ,vn} 

the set all the vertices representing the cities or the clients and v0 corresponding to 

the depot. We also suppose that the graph G=(V,E) is complete, which means that a city 

can be visited by any other city. [2] 

The other constants used in this problem are: 

n number of clients or cities  

m number of vehicles  

Q capacity of the vehicle  

qi demand of the client 

  cij the cost of travelling from i to j (distance or time traveled)  

The decision variables of the problem is the xijk  evoked previously: 

xijk= {
1 if (i, j)is traversed by vehicule k,

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
 [2] 

The CVRP formulation is as follow: 

Minimize        
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Taking into consideration the following constraints: 

 

[2] 

Explanation of the equations of the previous algorithm: 

(1): The objective of this optimization problem is to minimize the sum of the costs of all 

the routes.  

(2) & (3): Ensures that every client should be served once, and only once.  

 (4): Ensures the conservation of flow. 

(5): Ensures that each tour starts and ends in depot. 
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(6): Constraints related to the capacity. 

(7): Constraints related to the binarity constraints related to the decision variables xijk . [2] 

(This mathematical formulation of the Vehicle Routing Problem with capacity constraints 

is based on a model called the three-index vehicle flow formulation) 

3.2.5. VRPTW: 

In the VRPTW, each client i has a time window [ai,bi   ] during which they can be 

delivered.  

Other decision variables are defined in this case: 

For 0 ≤ i ≤ n   and 1 ≤ k ≤ m, sik  is the instant during which vehicle k starts serving  

client i. [2] 

We add then the two following constraints:

 

Constraint (9) takes into consideration the duration of the trip between two consecutive 

clients i and j  (tij).  

Constraint (10) corresponds to the definition of time windows by the clients. [2] 

3.2.6. Methods and technics to solve the VRP: 

 Like other combinatorial optimization problems, the VRP has been solved using 

exact methods, specific heuristics and meta-heuristics. These 3 groups correspond to t the 

general classification of resolution methods. [2] 
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3.2.6.1. Exact Methods:  

          The exact methods, also called complete methods, make it possible to find the 

optimal solution of an optimization problem by exhaustively exploring all the possible 

configurations or solutions. Enumerative exploration is the most basic technique, but it 

remains inappropriate for combinatorial problems. For this reason, exact methods such as 

the "Branch & Bound" algorithm explore all possible solutions and configurations and 

eliminate subsets of bad solutions using Pruning techniques. The advantage of such 

approach is that the eliminated solutions are not evaluated ”by hand” but in a global 

way. [2] 

3.2.6.2.Approximate methods: 

 Unlike the exact methods, the approximate methods are incomplete: they make it 

possible to find good solutions but do not guarantee in any case the optimality of these 

solutions. The approximate methods are composed of heuristics and meta-heuristics. 

 Heuristics: 

Heuristics are defined as a way of guiding the choices an algorithm must make to reduce 

its complexity. A heuristic is specific to a problem and cannot be generalized. [2] 

 Meta-heuristics: 

Meta-heuristics are a powerful and evolved heuristics since they are generalizable to 

several optimization problems. Meta-heuristics are usually classified according to the 

number of solutions they manipulate: single-solution meta-heuristics such as Tabu search 

and Simulated annealing; And population-based meta-heuristics such as genetic 

algorithms and ant colonies. [2] 
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Figure 3: Methods to solve VRPTW 
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4. FISHER ALGORITHM IMPLEMENTATION USING INTEGER 

LINEAR PROGRAMMING: 

4.1 Overview:  

Fisher and Jaikumar (1978,1981) developed a formulation for VRPs with time 

windows, capacity restriction and no stopping time. The three-index formulations, use a 

binary variable xijk indicating whether a vehicle k has traversed an arc (i,j) or not. The 

two-index formulations, use a binary variable xij indicating whether an arc (i,j) has been 

traversed or not. The algorithm developed by Fisher and Jaikumar uses this formulation. 

It provides a heuristic solution and an optimal solution is obtained in a finite number of 

steps (in the case it is run to completion). Also, this formulation does not necessitate 

identical vehicles. In this formulation, Dk represents the capacity of a vehicle k, tij the 

travel time on the arc (i,j) and [ai,bi] the time for a vertex i.  xijk equals 1 if  vehicle k 

traverse the arc (i,j) in the optimal solution. Also, if vehicle k serve vertex i, the binary 

variable yik will equal to 1. The variable ti is a variable representing the arrival time at a 

vertex i. Also T is a large number. [1] 
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Fisher and Jaikumar formulation is: 

 

 (8) 

 

  

 (9) 

 

  

 (10) 

 

  

 (11) 

 

 (12) 

 

  

 (13) 

 

  

 (14) 

 

 (15) 

              

 (16) 

 (17) 
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Explanation of the equations of the previous algorithm: 

(8): The objective of this optimization problem is to minimize the sum of the costs of all 

the routes.  

(9): Ensures that the demand of the clients visited does not exceed the capacity of the 

vehicle 

(10): Ensures that each vertice (client) should be visited once, except the depot that will 

be visited m time (with m representing the number of vehicles) . 

(11) &(12): Ensures that if an arc xijk is traversed, the vertice yjk is served  

(13): Constraints related to the subtours .  

(14): Constraints related to the time. 

(15): Constraints related to the time windows. 

(16) &(17): Constraints related to the binarity of the variables xijk  and yik 

The formulation above contains two well-known problems:  

- Clustering.  

-The TSPTW (TSP with time windows) 

4.2. Clustering method used 

The first part of Fisher’s algorithm aims to create clusters. Generally speaking, the main 

goal of the chosen clustering algorithm is to minimize similarity between clusters and 

maximize similarity within the clusters. Also, the number of clusters should be known. 

For this capstone project, the clustering method that we chose to implement is the k-

center clustering. 

The k-means cluster, also known as Lloyd’s algorithm, is one of the simplest algorithms 

used to solve clustering problems. The main idea consists of assuming a fixed number of 

clusters k, then define a centroid for each cluster (k centroids). The clusters should be 
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placed as far as possible from each other. Every point will be then associated to the 

nearest centroid. After completing the early groupage, the second step consists of re-

calculating k new centroids that will be considered as barycenters of the clusters obtained 

previously. A new binding needs to be done after obtaining of k new clusters. A loop will 

change the location of the k centroids until minimizing the following objective function. 

[5] 

[ 

We notice from the equation above that k-means clustering uses the squared Euclidean 

distance measure.  is here the distance between a data point  and a cluster 

centroid  . The previous equation represents the distance of n data points from their 

respective cluster’s centroids.  (cite) 

The k-means clustering algorithm can be summarized in the four following steps: 

1- Place k point that will represent the initial centroids of each cluster  

2- Assign each point of the data points to the cluster with the closest centroid 

3- Recalculate the position of the clusters centers 

4- The 2 previous steps are repeated until the position of the clusters centroids 

does not change anymore and the maximum number of iterations is reached. This gives 

the final clustering of the given data points. 
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The example presented below shows how the formation of the clusters change with every 

iteration, leading to a successful clustering based on k-means[5]:

 

Figure 4: Clustering using k-means 

 

In order to cluster the data sets that we will be using in this capstone project, we decided 

to use the “kmeans” function in Matlab that performs K-means clustering.  

Idx= kmeans(X, K) returns an n-by 1 vector, in this case Idx. The vector contains cluster 

indices of each cluster of each observation. The observations of the n-by-p data matrix X 

are partitioned in k clusters while performing the k-means clustering. The columns of the 

matrix X correspond to the variable, while the rows correspond to the points. [5] 

4.3. TSPTW using integer linear programming  

Integer linear programming (ILP) is a technique used in computer simulation and 

modeling. In this mathematical optimization problem is applicable only when the 

relationships are linear, which means that the objective function and the constraints are 

linear. Also, it is NP-hard. The main goal of integer linear programming is to minimize 

the cost. Some complex cost functions require the use of another technique called Mixed 

inter programming. This technique was developed based on the work of a Russian 

mathematician, Andrei Nikolaevich Kolmogrov (1903-87). Mixed linear programming 
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(MILP) is used for problems in which some variables are allowed to non-integers, which 

means that only some variables need to be integers.  

Integer linear programming can be used in different areas. An example of that would be 

the problems related to transportation networks and vehicle scheduling. In the case of the 

Travelling Salesman problem, the binary decision variables used indicate whether or not 

an arc should be traversed or not, in order to be able to obtain the optimal solution. In the 

case of travelling salesman with time constraint we will be using mixed linear integer 

programming since the time variables may be non-integer variables.  

For this capstone project we will be using the mixed integer linear programming solver 

on Matlab. It attempts to solve problems of the form:  

  Min f’ *x subject to: A*x <= b 

          Aeq*x =beq  

          Lb <= x <= ub 

          x(i) integer, i is in the index vector intcon  

X=intlinprog (f, intcon, A, b, Aeq, beq, LB, UB, OPTIONS)  

Inputs of intlinprog are the following: 

f: The coefficient vector is a real vector that represents the objective function that needs 

to be minimized. 

Intcon: The vector integer constraints. Also, the values found in the intcon indicate the 

different components of the decision variable. 

A: An M-by-N matrix of doubles representing the linear coefficients in the constraints 

A*x<=b. Also, it contains the inequality constraints, with M the number of inequality 

constraints and N = numel(f). 

b: A matrix with lenth M, representing the constant vector in the constraints A*x<=b. [8] 
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Aeq: An Meq-by-N matrix of doubles representing the linear coefficients in the 

constraints Aeq*x=beq. Also, it contains the inequality constraints, with Meq the number 

of equality constraints and N = numel(f). [8] 

beq: A matrix with lenth Meq, representing the constant vector in the constraints 

Aeq*x=beq. 

LB: It is a vector of doubles that represents the lower bounds in  lb ≤ x ≤ ub. 

UB: It is a vector of doubles that represents the upper bounds in  lb ≤ x ≤ ub. 

OPTIONS: Specified as the output of a created optimization option “optimotions” 

Output of intlinprog is the following: 

The intlinprog returns an exitflag containing the status of optimizations. Exitflag can take 

the following values, each one correspond to a status code:   

 

 

4.4 Implementation of the TSPTW using Fisher’s algorithm: 

In this part we will explain how we implemented a TSPTW code using Fisher’s algorithm 

and integer linear programming in Matlab. 

For the implementation of our TSPTW code we decided to start with 4 stops.  

The number of all possible arcs is equal to: 

 Number of possible arcs= (Number of stops)* (Number of stops-1) 

For example, in the case of four stops, we have 12 possible arcs, which are: 

𝑥12 + 𝑥13+𝑥14+𝑥21 + 𝑥23+𝑥24+𝑥31+𝑥32+𝑥34+𝑥41+𝑥42+𝑥43 
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Also, for simplicity’s sake we will relax the constraint related to capacity, in order to be 

able to focus on the ones related to time. 

The distance matrix size is (Number of stops) by (Number of stops). It is an input that 

illustrates the time need to travel between every two vertices. 

For example, in the case of four stops, we have a 4 by 4 matrix. The input that we chose 

to use is the following: 

𝑡𝑖𝑗 =

0 2 5 15
2 0 20 7
5 20 0 8

15 7 8 0

 

A distance matrix can either be symmetric or asymmetric. In the case of a symmetric 

matrix, the time needed to travel from a vertex i to a vertex j is equal to the time needed 

to travel from vertex j to vertex i. In the case of an asymmetric matrix the time needed to 

travel from a vertex i to a vertex j is not equal to the time needed to travel from vertex j to 

vertex i 

For simplicity’s sake, the distance matrix that we chose to use as a first input is a 

symmetric one. Nonetheless, the code that we implemented is general, the distance 

matrix can then be symmetric or asymmetric. 

Equality constraints used in “intlinprog”: 

As mentioned earlier the equality constraints in Fisher’s algorithm are the following: 
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It is worth mentioning that k (the vehicle) will be taken as a constant since that in this 

part the problem is reduced to a Traveling Salesman Problem. The variables mentioned 

above will then become: 

𝑥𝑖𝑗  Instead of 𝑥𝑖𝑗𝑘 

𝑦𝑖 Instead of 𝑦𝑖𝑘 

𝑦𝑗  Instead of 𝑦𝑗𝑘 

In this capstone project, we developed some equations that illustrate indirectly the 

constraints above. Also, we were able to simplify them in order to get rid of the 

variable 𝑦𝑗𝑘 and𝑦𝑖𝑘.  

The equality constraint equation obtained are the following: 

First equality constraint: The sum of all the possible arcs should equal to the number of 

stops. 

For example, in the case of four stops we obtain the following equality: 

𝑥12 + 𝑥13+𝑥14+𝑥21 + 𝑥23+𝑥24+𝑥31+𝑥32+𝑥34+𝑥41+𝑥42+𝑥43=4 

Second equality constraint: There is exactly one arc leaving each node. 

For example, in the case of four stops we obtain the following system of equalities: 

𝑥12 + 𝑥13+𝑥14= 1 

𝑥21 + 𝑥23+𝑥24 = 1 

𝑥31+𝑥32+𝑥34=1 

𝑥41+𝑥42+𝑥43 =1 

The number of equalities related to this constraint is equal to the number of stops. 

Third equality constraint: Each node is connected to exactly two arcs. 

For example, in the case of four stops we obtain the following system equalities: 
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𝑥12 + 𝑥13+𝑥14+𝑥21+𝑥31+𝑥41 = 2 

𝑥12 + 𝑥21 + 𝑥23+𝑥24+𝑥32 + 𝑥42 =2 

 𝑥31+𝑥32+𝑥34+𝑥13 + 𝑥23 + 𝑥43 = 2 

𝑥41+𝑥42+𝑥43+𝑥14 + 𝑥24 + 𝑥34 =2 

 The number of equalities related to this constraint is equal to the number of stops. 

 

Time constraints: 

For time, we assumed that the service time is equal 0, which means that the entering time 

is equal to the leaving time for each client, except for the depot. We have 5 variables 

related to time, one for each client and two for the depot. 

For example, in the case of four stops we have the following variables: 

𝑡1 : Leaving time for the depot (vertex 1) 

𝑡2 ∶ Entering time/leaving time for vertex 2 

𝑡3 ∶ Entering time/leaving time for vertex 3 

𝑡4 ∶ Entering time/leaving time for vertex 4 

𝑡5 : Entering time for the depot (vertex 1) 

 

Fourth equality constraint (time constraint): For the depot, the leaving time is equal to 

0. This constraint is mentioned implicitly in Fisher’s Algorithm. 

The equation representing this constraint is the following: 

𝑡1 = 0 
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We obtain the following matrix Aeq and beq with all the equality constraints: 

    𝑥12   𝑥13    𝑥14   𝑥21  𝑥23    𝑥24   𝑥31   𝑥32  𝑥34   𝑥41   𝑥42  𝑥43    𝑡1       𝑡2     𝑡3     𝑡4      𝑡5 

1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0
1 1 1 1 0 0 1 0 0 1 0 0 0 0 0 0 0
1 0 0 1 1 1 0 1 0 0 1 0 0 0 0 0 0
0 1 0 0 1 0 1 1 1 0 0 1 0 0 0 0 0
0 0 1 0 0 1 0 0 1 1 1 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

 

𝑏𝑒𝑞= 

4
1
1
1
1
2
2
2
2
1

 

Inequality constraints used in “intlinprog”: 

As mentioned earlier the equality constraints in Fisher’s algorithm are the following: 

In this part we will also consider inequalities that are mentioned implicitly in Fisher’s 

algorithm. 

First inequality constraint: There is at most one arc between each node 
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For example, in the case of four stops we obtain the following system of  inequalities: 

𝑥12 + 𝑥21   ≤ 1 

𝑥13 + 𝑥31   ≤ 1 

𝑥14 + 𝑥41  ≤ 1 

𝑥23 + 𝑥32   ≤ 1 

𝑥24 +  𝑥42  ≤ 1 

𝑥34 + 𝑥43   ≤ 1 

The number of inequalities related to this constraint is equal to 𝑐𝑘
𝑛, where k is the size of 

the combination (always 2 in this case) of a set of n elements. Which explains why we 

have 6 inequalities for this constraint. 

Time constraints: 

Second inequality constraint: This one deals with the following inequality constraints 

mentioned in Fisher’s Algorithm: 
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For example, in the case of four stops we obtain the following system of inequalities: 

𝑥12. 𝑇 + 𝑡1 − 𝑡2 ≤ 𝑇 −  𝑡12 

𝑥12. 𝑇 − 𝑡1 + 𝑡2 ≤ 𝑇 +  𝑡12 

𝑥13. 𝑇 + 𝑡1 − 𝑡3 ≤ 𝑇 −  𝑡13 

𝑥13. 𝑇 − 𝑡1 + 𝑡3 ≤ 𝑇 +  𝑡13 

𝑥14. 𝑇 + 𝑡1 − 𝑡4 ≤ 𝑇 −  𝑡14 

𝑥14. 𝑇 − 𝑡1 + 𝑡4 ≤ 𝑇 +  𝑡14 

𝑥21. 𝑇 +  𝑡2 − 𝑡1 ≤ 𝑇 −  𝑡21 

𝑥21. 𝑇 −  𝑡2 + 𝑡1 ≤ 𝑇 +  𝑡21 

𝑥23. 𝑇 +  𝑡2 − 𝑡3 ≤ 𝑇 −  𝑡23 

𝑥23. 𝑇 −  𝑡2 + 𝑡3 ≤ 𝑇 +  𝑡23 

𝑥24. 𝑇 +  𝑡2 − 𝑡4 ≤ 𝑇 −  𝑡24 

𝑥24. 𝑇 −  𝑡2 + 𝑡4 ≤ 𝑇 +  𝑡24 

𝑥31. 𝑇 +  𝑡3 − 𝑡1 ≤ 𝑇 −  𝑡31 

𝑥31. 𝑇 −  𝑡3 + 𝑡1 ≤ 𝑇 +  𝑡31 

𝑥32. 𝑇 +  𝑡3 − 𝑡2 ≤ 𝑇 −  𝑡32 

𝑥32. 𝑇 −  𝑡3 + 𝑡2 ≤ 𝑇 +  𝑡32 

𝑥34. 𝑇 +  𝑡3 − 𝑡4 ≤ 𝑇 −  𝑡34 

𝑥34. 𝑇 −  𝑡3 + 𝑡4 ≤ 𝑇 +  𝑡34 

𝑥41. 𝑇 +  𝑡4 − 𝑡1 ≤ 𝑇 −  𝑡41 

𝑥41. 𝑇 −  𝑡4 + 𝑡1 ≤ 𝑇 +  𝑡41 

𝑥42. 𝑇 +  𝑡4 − 𝑡2 ≤ 𝑇 −  𝑡42 

𝑥42. 𝑇 −  𝑡4 + 𝑡2 ≤ 𝑇 +  𝑡42 

𝑥43. 𝑇 +  𝑡4 − 𝑡3 ≤ 𝑇 −  𝑡43 

𝑥43. 𝑇 −  𝑡4 + 𝑡3 ≤ 𝑇 +  𝑡43 
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The number of inequalities related to this constraint is equal to:  

((Number of stops)* (Number of stops-1))*2 

In the case of four stops, we obtain 30 inequalities. 

We obtain the following matrix A and b with all the inequality constraints 

 

𝑇 0 0 0 0 0 0 0 0 0 0 0    1 −1    0    0    0
𝑇 0 0 0 0 0 0 0 0 0 0 0 −1    1    0    0    0
0 𝑇 0 0 0 0 0 0 0 0 0 0    1    0 −1    0    0
0 𝑇 0 0 0 0 0 0 0 0 0 0 −1    0    1    0    0
0 0 𝑇 0 0 0 0 0 0 0 0 0    1    0    0 −1    0
0 0 𝑇 0 0 0 0 0 0 0 0 0 −1    0    0    1    0

 

0 0 0 𝑇 0 0 0 0 0 0 0 0    0    1     0   0 −1
0 0 0 𝑇 0 0 0 0 0 0 0 0    0 −1     0   0    1
0 0 0 0 𝑇 0 0 0 0 0 0 0    0    1 −1   0    0
0 0 0 0 𝑇 0 0 0 0 0 0 0    0 −1    1   0    0
0 0 0 0 0 𝑇 0 0 0 0 0 0    0    1    0 −1    0
0 0 0 0 0 𝑇 0 0 0 0 0 0    0 −1    0    1    0

 

0 0 0 0 0 0 𝑇 0 0 0 0 0    0    0    1   0 −1
0 0 0 0 0 0 𝑇 0 0 0 0 0    0    0 −1   0    1
0 0 0 0 0 0 0 𝑇 0 0 0 0    0    0    1   0    0
0 0 0 0 0 0 0 𝑇 0 0 0 0    0    0 −1   0    0
0 0 0 0 0 0 0 0 𝑇 0 0 0    0 −1    1 −1    0
0 0 0 0 0 0 0 0 𝑇 0 0 0    0    1 −1    1    0

 

0 0 0 0 0 0 0 0 0 𝑇 0 0    0    0    0    1 −1
0 0 0 0 0 0 0 0 0 𝑇 0 0    0    0    0 −1    1
0 0 0 0 0 0 0 0 0 0 𝑇 0    0    0    0    1   0
0 0 0 0 0 0 0 0 0 0 𝑇 0    0    0    0 −1   0
0 0 0 0 0 0 0 0 0 0 0 𝑇    0    0 −1    1   0
0 0 0 0 0 0 0 0 0 0 0 𝑇    0    0     1 −1   0

 

1 0 0 1 0 0 0 0 0 0 0 0     0    0     0   0     0
0 1 0 0 0 0 1 0 0 0 0 0     0    0     0   0     0
0 0 1 0 0 0 0 0 0 1 0 0     0    0     0   0     0
0 0 0 0 1 0 0 1 0 0 0 0     0    0     0   0     0
0 0 0 0 0 1 0 0 0 0 1 0     0    0     0   0     0
0 0 0 0 0 0 0 0 1 0 0 1     0    0     0   0     0
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𝟗𝟗𝟗𝟗𝟖
𝟏𝟎𝟎𝟎𝟎𝟐
𝟗𝟗𝟗𝟗𝟓

𝟏𝟎𝟎𝟎𝟎𝟓
𝟗𝟗𝟗𝟖𝟓

𝟏𝟎𝟎𝟎𝟏𝟓
𝟗𝟗𝟗𝟗𝟖

𝟏𝟎𝟎𝟎𝟎𝟐
𝟗𝟗𝟗𝟖𝟎

𝟏𝟎𝟎𝟎𝟐𝟎
𝟗𝟗𝟗𝟗𝟑

𝟏𝟎𝟎𝟎𝟎𝟕
𝟗𝟗𝟗𝟗𝟓

𝟏𝟎𝟎𝟎𝟎𝟓
𝟗𝟗𝟗𝟖𝟎

𝟏𝟎𝟎𝟎𝟐𝟎
𝟗𝟗𝟗𝟗𝟐

𝟏𝟎𝟎𝟎𝟎𝟖
𝟗𝟗𝟗𝟖𝟓

𝟏𝟎𝟎𝟎𝟏𝟓
𝟗𝟗𝟗𝟗𝟑

𝟏𝟎𝟎𝟎𝟎𝟕
𝟗𝟗𝟗𝟗𝟐

𝟏𝟎𝟎𝟎𝟎𝟖
𝟏
𝟏
𝟏
𝟏
𝟏
𝟏

 

 

 

Upper and lower bound:
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The upper and lower bounds of the variables 𝑡𝑖 and 𝑥𝑖𝑗 are illustrated by the two 

equations above. 𝑥𝑖𝑗 is a binary variable, its lower bound corresponds to 0 and its upper 

bound corresponds to 1. The upper and the lower bound of 𝑡𝑖 are given as an input and 

represent the time window imposed by each client.  

The two matrices bellow represent the upper and the lower bound of the four stops used 

mentioned and used above. 

0
0
0
0
0
0
0
0
0
0
0
0
0

100
30
40

1000

                                

0
0
0
0
0
0
0
0
0
0
0
0
0
1
3

20
0

 

 

4.5 Implementation of the TSPTW code: 

Part 1: This first part of the code deals with the loading of the map and the excel file 

containing the coordinates of each stop.  
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Part 2: In this part of the code we mark the different stops on the map by displaying 

small circles around each stop. It also specifies the size of the map. 

 

Part 3: The third fragment presented bellow generates all the possible paths. Also, it 

specifies the size of the “intcon”. The last line represents the distance matrix that we 

entered as input. 

 

Part 4: In this part we implemented loops that generates automatically the Aeq (equality 
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constraint matrix) using the number of stops in order to make this code more dynamic.  

Part 5: The first line of the fifth fragment generates the beq using the number of stops. 

The second line is an input defining the distance between every two points (implicitly the 

cost too). The first and the third line define the upper and the lower bound of the 

variables 𝑥𝑖𝑗  and 𝑡𝑖. Also, as mentioned earlier, T is a very big number. While 

implementing our code we define T= 100000. 

 

Part 6: In this part we implemented loops that generates automatically the A (inequality 

constraint matrix) using the number of stops in order to make this code more dynamic.  
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Part 7: This part aims at generating b given the number of stops using the following 

loops.   

 

Part 7: In this seventh fragment we use the “intlingprog” solver in order to obtain the 

optimal paths.  

 

Part 8: The last part of this code displays the solution generated by the “intlinprog” 

solver on the map. 
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Results obtained using the TSPTW code with 4 stops: 

 

4.6 Implementation of the clustering code: 

Part 1: In the first part of the clustering code, we start by uploading the map and the 

excel file containing the coordinates. Also, we set the number of stops and display the 

map with small circles around each stop. 
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Part 2: In the second fragment code we defined the depot and marked it as we did for the 

other stops previously. Also, we used the “kmeans” solver in order to obtain 3 clusters as 

mentioned in the code. In the last part displayed the results obtained in the map. 
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4.7 Results obtained using the clustering code with 14 stops and 1 

depot: 

 

Figure 5:Clustering output using k-means solver 
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4.8 Fisher’s algorithm code output: 

After implementing the clustering code and the TSPTW code. We rewrote the TSPTW 

code as a function that we called in every cluster generated by the “kmeans” solver. 

We obtained the 

following results: 

   Figure 6: Output using intlinprog  
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5. FISHER ALGORITHM USING ANT COLONY OPTIMIZATION: 

5.1. Overview 

Ant Colony Optimization is a meta-heuristic optimization that aims at finding the optimal 

path in a graph. It has been presented for the first time in the early 1990s and is part of 

large field called swarm intelligence (studying the behavior patterns of social insects such 

as bees and termites). This probabilistic technique is based on the behavior of ants 

looking for a path between their colony and the source of food. In nature, ants wander 

randomly looking for food. Once they find it, they return to their colony while laying 

down trails of pheromone. The trail of pheromone starts to evaporate over time, which 

considerably reduces its attractive strength. The more time needed by an ant in order to 

travel down a path and back, the more time is needed for the pheromones to evaporate. In 

the case of a short path, this latter gets marched over more often, which means that the 

density of pheromones is higher on shorter paths. The pheromone evaporation is 

considered as important parameter in this algorithm since it avoids the convergence to a 

locally optimal solution. If we consider the case with of no evaporation at all, the paths 

that are chosen by the first ants arriving to the food source will be the most attractive 

ones. The pheromone evaporation has an unclear influence, but it is considered as an 

important component of the system. [6] 

We can then deduce from what was stated previously that when a good path from the 

colony to the food source is found, other ants have more chance to follow this path, and 

thanks to the positive feedback (pheromone) given by the ants who followed this path, all 

the ants follow this single path at the end. [6] 

There exist different Ant Colony Optimization algorithms, all of them contain the 

following characteristics:  

• Colony use  

• The autocatalysis role 

• The artificial pheromone trails at the origin of the cooperative behavior 

• Local heuristic information and artificial pheromones influences the 

construction of solutions based on probabilities 

• Solution quality guiding the pheromone updating 
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• The pheromone trails and their evaporation process 

The difference in the ACO algorithms depends on the implementation of the pheromone updates 

in each one. [6] 

Also, an ant will move from a node i to a node j with the following probability: 

𝑃𝑖,𝑗 =
(𝜏𝑖,𝑗

𝛼 )(𝑛𝑖,𝑗
𝛽

)

∑(𝜏𝑖,𝑗
𝛼 )(𝑛𝑖,𝑗

𝛽
)
 

 

Where: 

𝜏𝑖,𝑗 : Represents the amount of pheromone on the arc i, j 

𝛼    : Represents the parameter that controls the influence of the amount of pheromone 𝜏𝑖,𝑗
𝛼  

𝑛𝑖,𝑗: Represents the desirability of the arc i, j, (usually1
𝑑𝑖,𝑗

⁄ ) 

𝛽    : Represents the parameter that controls the influence of the desirability of the arc i, j (𝑛𝑖,𝑗) 

The following equation represents how the amount of pheromone is updated: 

𝜏𝑖,𝑗 = (1 − 𝜌)𝜏𝑖,𝑗 + ∆𝜏𝑖,𝑗 

Where:  

𝜏𝑖,𝑗 :  Represents the amount of pheromone on the arc i, j 

𝜌    :  Represents the evaporation rate of pheromone 

∆𝜏𝑖,𝑗: Represents the pheromone amount deposited, given by: 

  ∆𝜏𝑖,𝑗
𝑘  ==  {

1
𝐿𝑘 ⁄  𝑖𝑛 𝑡ℎ𝑒 𝑐𝑎𝑠𝑒 𝑜𝑓 𝑎𝑛𝑡 𝑘 𝑡𝑟𝑎𝑣𝑒𝑣𝑒𝑙𝑙𝑖𝑛𝑔 𝑖, 𝑗

0                                                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
 

𝐿𝑘 is in this case the cost/length of the 𝑘𝑡ℎ tour of an ant. 

 

The ant colony optimization algorithm is a technique used for solving problems that aims 

to find optimal paths through graphs. As mentioned earlier, the vehicle routing problem is 
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a combinatorial optimization problem studied in different field such as combinatorial 

optimization research. In this part of the capstone project, we show how we used Ant 

Colony Optimization algorithms in order to solve the VRPTW. 

In the Ant Colony Algorithms each ant will represent a vehicle, and its route will be 

constructed by selecting incrementally clients until all the vertices (clients) have been 

visited. 

Different special cases using Ant Colony Optimization have been developed. The three 

most famous ones are: 

- Ant System  

- Ant Colony System (ACS) 

- MAX-MIN Ant System (MMAS) [6] 

 

Ant System: 

The Ant System algorithm is the first Ant Colony Optimization algorithm developed. It 

has been proposed in 1992. In this algorithm all the ants that have completed a tour 

update the values of pheromone. 

The equation illustrating the update of pheromones in the Ant System algorithm is the 

following: 

𝜏𝑖,𝑗 ← (1 − 𝜌). 𝜏𝑖,𝑗 + ∑ ∆𝜏𝑖,𝑗
𝑘

𝑚

𝑘=1
 

Where: 

𝜌        :  Represents the evaporation rate of pheromone 

m       :  Represents the number of ants 

∆𝜏𝑖,𝑗
𝑘    :  Represents the quantity of pheromone that is laid on the arc (i,j) by the 𝑘𝑡ℎ ant 

 

Ant Colony System:  
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The Ant Colony System algorithm is the first improvement of the Ant System algorithm. 

[6] 

The differences between these two algorithms are the following: 

- The ants in Ant Colony system use a pseudorandom proportional rule. This 

means that the probability for an ant to travel from a city i to a city j depends 

on q, a random variable that is uniformly distributed in the interval [0,1]. It 

depends also on a parameter q0. In the case of q <= q0 we choose the 

component 𝜏𝑖𝑙𝑛𝑖𝑙
𝛽

 that maximizes the product (the component is chosen among 

the feasible components). Otherwise, the equation used is similar to the Ant 

System equation seen previously. The pseudorandom proportional rule favors 

considerably the use of pheromone information. 

- Local update of pheromones: In the Ant Colony System algorithm, the local 

update of pheromone is performed after each step, by all ant. Each ant applies 

the pheromone update to the last arc traversed. The diversification of the 

components against exploitation is expressed in the following formula: 

𝜏𝑖𝑗= (1- 𝜑).  𝜏𝑖𝑗 + 𝜑.𝜏0 

 Where: 

𝜑 ∈ (0,1] representing the pheromone decay coefficient and 𝜏0 representing 

the pheromone initial value. 

- The offline update of pheromone: Ant Colony system is also characterized by 

the offline pheromone update after construction. The equation that represents 

this update is the following: 

 

𝜏𝑖𝑗 ← (1 − 𝜌). 𝜏𝑖,𝑗 +  𝜌 .  ∆𝜏𝑖𝑗
𝑏𝑒𝑠𝑡 

          Where: 

𝜏𝑖𝑗
𝑏𝑒𝑠𝑡 ==  {

1
𝐿𝑏𝑒𝑠𝑡 ⁄  𝑖𝑛 𝑡ℎ𝑒 𝑐𝑎𝑠𝑒 𝑜𝑓 𝑏𝑒𝑠𝑡 𝑎𝑛𝑡 𝑘 𝑡𝑟𝑎𝑣𝑒𝑣𝑒𝑙𝑙𝑖𝑛𝑔 𝑖, 𝑗

0                                                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
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𝐿𝑏𝑒𝑠𝑡 is set to the best solution found by the algorithm since its starting or as the best tour is the 

current iteration.  

Ant Colony Optimization- MAX-MIN Ant System: 

Two main differences that exist between the MAX-MIN Ant System and the Ant System 

algorithms are: 

- Best only offline update of pheromones (explained previously). 

- An explicit limitation of the maximum and the minimum values of the 

pheromone. It means that 𝜏𝑖𝑗 is between 𝜏𝑚𝑖𝑛 𝑎𝑛𝑑 𝜏𝑚𝑎𝑥 (they are set by the 

algorithm designer explicitly). After the performance of the update, if 𝜏𝑖𝑗 > 𝜏𝑚𝑎𝑥, 𝜏𝑖𝑗 

is set to 𝜏𝑚𝑎𝑥. If 𝜏𝑖𝑗 < 𝜏𝑚𝑎𝑥, 𝜏𝑖𝑗 is set to 𝜏𝑚𝑖𝑛. [6] 

Part 1: In the first part of the clustering code, we start by uploading the map and the 

excel file containing the coordinates. Also, we set the number of ants and the number of 

stops and display them in the map with small circles around each stop. 

5.2 Implementation of the ACO code: 
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Part 2: In this second fragment of the code, we generate the distance matrix using the 

coordinates of each stop. 

 

 

Part 3: In this third part we start by initializing the pheromones between the different 

cities. Then, we initialize the number of tours. The last part of this fragment code aims at 

finding the city tour for each ant.  
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Part 5: In this part we implemented a loop that allows us to find the distance travelled by 

each ant. Then we compared the different distances in order to find the best one. In the 

last part we plotted the results obtained. 
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5.3 Ant Colony algorithm code output: 

Case Virmousil Tangier: 

After implementing the clustering code and the VRPTW code we decided to use it in 

order to obtain an optimal set routes for Virmousil Tangier Company. In order to solve 

this problem we decided to start by doing a geographical clustering. The next step 

consisted on splitting each cluster into a sub-cluster. Then we applied the VRP code 

implemented using the ACO algorithm in each cluster.  The following steps illustrate the 

approach followed in order to find the optimal set of routes for Virmoussil. 

 Step 1: Geographical Clustering 

 Step 2: Apply a VRP using ACO in each Cluster 

The constraints that we took into consideration in order to solve this problem are the 

following: 

• Constraint 1: Vehicle Capacity is 19 

• Constraint 2: Total time less than 45 mins 

• Constraint 3: Waiting time of 3 mins in each station 

• Constraint 4: Time windows assigned to every station 

5.4 Implementation of the geographical clustering: 

Since Virmoussil has stops in different regions of the city of Tangier, in this project we 

will split the city of Tangier into four different big clusters as shown in the following 

map.  



Page 51 sur 58 
 

             

 

We obtained the following 4 clusters: 

- Cluster North 

- Cluster East 

- Cluster Gzenaya 

- Cluster Mid 

Demand for the mid-cluster (6 AM shift): 

Entrée 06H00 

Mghogha 8 

mers 9 

moujahidin 2 

Bir Chifa 13 

moujama/ complexe 10 

Branes 3 

Place de Toros 6 

Beni Makada 5 

Ben Diban 13 

Ahrarin 1 

Laazifat 1 

Sidi Driss 13 

Hopital Med6 9 

Jirari 7 
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Visualization of the different stations of the mid- cluster on the map: 

 

Demand for cluster North (6 AM shift): 

Entrée 06H00 

lkharba 4 

Zemmouri 1 

Saada 3 

Lalla Chafia 3 

la gare 1 

Mselah 1 

Idrissia 5 

Mershan 1 

Souk Bara 3 

Dradeb 4 

Rue Sania 1 

Iberia 4 

 

 

 

Aouama 11 

Ain Ktiouet 2 

Achnad 24 
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Visualization of the different stations of Cluster North on the map: 

 

Results obtained after running the ACO code: 
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Demand for cluster Geznaya (6 AM shift): 

Entrée 06H00 

Badriouyene 15 

I9AMAT EL MOSTAKBAL 1 

MARJAN  3 

restaurant al achab  7 

TREK RABAT BMCE 2 

GZENAYA AFRIQUIA 2 

MOJAMA3 RIAD SALAM 1 

 

Visualization of the different stations of Cluster Gzenaya on the map: 
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Results obtained after running the ACO code: 

 

 

Demand for the cluster East (6 AM shift): 

Entrée 06H00 

Boukhalef 27 

Ziaten 2 

Al irfan 37 

Mesnana 23 
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Visualization of the different stations of Cluster Gzenaya on the map: 

 

Results obtained after running the ACO code: 

 

 

 

 



Page 57 sur 58 
 

CONCLUSION: 

This documents summarizes the work that has been done since the beginning of 

this semester. It starts by giving an overview about the project specification and 

requirements, which can briefly be stated as: finding the optimal set of routes for a fleet 

of vehicles. In this document we were able to implement a TSPTW using integer linear 

programming and we clustered using k-means method. Also, we found an optimal set of 

routes for Virmoussil Company using ACO. By implementing these two codes we were 

able to explore two different methods used to solve the VRPTW.  
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