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ABSTRACT 

 The purpose of this capstone project is to investigate the validity of certain 

conjectures related to combinatorial problems. In order to do that, we will have to 

develop algorithms, which will solve the problems in a “brute force” fashion (i.e. by 

generating all possible solutions). However, a basic brute force algorithm will be 

costly in terms of running time, time that could exceed the duration of this project. 

Therefore, the challenge here will be optimizing the algorithms in such a way that they 

could be runnable in a reasonable time. This requires an in-depth understanding of the 

problem, which can be acquired through a combination of research and observation. 
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1. INTRODUCTION 

 Studying combinatorial problems is a very important area in mathematics. The 

mere existence of these problems proves that there is a field in which having solutions 

to these problems would help. Be it in biology, logistics or computer security, there 

would always be a demand for mathematical models with their own generalized 

solutions. However, combinatorial models might be hard to deal with sometimes and 

a generalized solution may not be obvious straight away. Sometimes, it requires the 

work and effort of multiple researchers through generations in order to arrive to a 

satisfactory answer. This is why researchers sometimes resort to making conjectures, 

hoping that someday it would be proven. In that perspective, this project is an attempt 

to contribute to this process using strategies related to the field of algorithms and 

mathematical knowledge. 

 

2. STEEPLE ANALYSIS 

 On the societal level, this project does not have any obvious direct 

implications. However, if we assume that the project will further the work on 

combinatorial models, then along the way it should lead to an improvement to the 

daily lives of people. As an example to illustrate this idea, one of the two problems I 

am working on in this project, the universal partial word problem, has applications in 

molecular biology [1]. Therefore, it is not too far-fetched to think that working on this 

problem could lead to improvements in the field of health care, for example. Using the 

same logic, a point could also be made about how the results of this project could be 

used for malicious use (e.g. hacking). Which brings us to the question of ethicality.  
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 The scope of this project is limited to pure mathematical results, which 

promotes the expansion of knowledge, and nothing else. Therefore, it is a perfectly 

ethical project with many potential benefits to human development. 

 

3. UNIVERSAL PARTIAL WORD PROBLEM 

(UPWORD PROBLEM) 

 This problem consists in finding a string which, given a certain alphabet and a 

certain n, would generate all possible combinations of that alphabet of size n only 

once. For example, the string 00110 contains every binary combination of size 2 

without repeating any (00110-00110-00110-00110). More specifically, I am working 

on a variation of this problem, which is called universal partial word, which 

introduces the use of a wildcard character * (a character that can take any value). 

 In the perspective of optimizing the algorithm for finding all solutions, I 

started by identifying a few conditions that would rule out candidates straight away: 

 Given a number and a certain disposition of wildcards, the candidate should be 

of a certain size 

o Going back to the same example, if we use one wildcard at one 

of the extremities, then the string should be of size 4 (_ _ _ * or * _ 

_ _) because this is the only way we can get exactly 4 

combinations. If we use the wildcard in the middle then the string 

should be of size 3 (_ * _) as this also gives four combinations. In 

all other cases with one wildcard, we are either undegenerating or 

overgenerating. 
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 The number of successive wildcards should be strictly less than n, otherwise 

we are overgenerating 

o If we use two successive wildcards for combinations of size 2, 

we are generating at least six combinations (_ * * or * * _). The 

only possible solution in this case would be the trivial solution of 

(* *). 

 For a non-binary alphabet and any n, there is no solution with a single 

wildcard. Intuitively, having a single wildcard means that the length should be long 

enough to generate enough possibilities. However, that will necessarily lead to 

overgeneration, especially when the alphabet size is big (more combinations to cover 

without wildcard) 

 For binary alphabet, the position of a single wildcard cannot be n. 

a. Initial Algorithm 

 I started by coding the algorithm to find all universal partial words for 

combinations of size n and for a binary language. When given a size n as input, the 

program starts by generating all binary combinations of size n. Then it generates all 

possible candidates in the size range of [n+1, 2^n+n-1] and with the language [0, 1, 

*]. After that, it reduces the number of candidates based on how many combinations 

they generate. Finally, it tests the remaining candidates if they are a universal partial 

word or not. The code is written in python thus far, but I am also considering C for 

performance. 

b. Scope 

 For this problem, we are limiting the scope to binary alphabet and 

combinations of size n=2, n=3 and n=4. The following table summarizes the scale: 
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N Candidate size range Number of candidates 

2 [3, 5] 3^3 + 3^4 + 2^5 = 140 

3 [4, 10] 3^4 + 3^5 + … + 3^9 + 2^10 = 30,508 

4 [5, 19] 

3^5 + 3^6 + … + 3^18 + 2^19 = 

581,654,900 

 

4. BOOTSTRAP PERCOLATION PROBLEM 

 This problem consists in finding an initial configuration of “infected” cells in a 

grid that would lead to the infection of the whole grid. For a non-infected cell to 

become infected, it has to have at least three infected neighbors. Using this 3-neighbor 

rule, we keep iterating over the whole grid to update it, until reaching a dead end. The 

initial configuration is considered a success if the whole grid is infected in the final 

iteration. Another parameter to consider, other than success or failure, would be the 

number of iterations it took to reach completion. Indeed, different configurations are 

bound to have a different number of steps: some will spread in an optimized way; 

others will spread slowly but surely. I will be working on this problem in the case of a 

hexagonal grid of n layers with 2n-1 initial infected cells, which is proven to be the 

minimum required to potentially reach success. The objective will be to verify the 

following conjecture about the number of steps: 

N Min Max 

3 6 6 

4 9 19 

5 10 33 
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a. Initial Algorithm 

 First, we label every cell from the grid with a number. Based on that labeling, 

we generate all possible combinations of size 2n-1 and store them in a list. We also 

create a list with all the neighbors of each cell in such a way that the index in the list 

refers to the number of the cell in question. After that is done, we start looping on the 

list of possible combinations and retrieve one by one. For each combination, we create 

an array that represents the state of the grid using numbers (0 for non-infected and 1 

for initially infected), which we initialize based on the seed (initial configuration). In 

order to reach the final state of each configuration, we need a loop that updates the 

state step by step and that stops when there is nothing more to update. In order to do 

that, we keep track of the number of cells previously infected and the number of cells 

currently infected: if both of them are equal that means we have reached the final 

state. Inside the loop, we iterate over all the cells and update the ones that have three 

or more neighbors previously infected. However, if we do not differentiate between 

cells that were infected in the current step and cells that were infected in previous 

steps, some cells could end up being infected before they are supposed to be which 

could lead to a wrong number of steps (less than what it should be). To avoid that, 

each infected cell is marked as such using the corresponding step (i.e. 1 for seed cells, 

2 for cells infected in the first step, 3 for cells infected in the second step etc…). At 

the end, we simply check if the final state has all of its cells infected, in which case we 

record the seed that was used and the corresponding number of steps it took. 

b. Scope 

 For this problem, we are limiting the scope to grids of layers 3, 4 and 5 and to 

seeds of size 2n-1. Here is a table that summarizes the scale of the problem: 
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N Seed size 

Number of cells 

in a grid 

Number of 

possible 

combinations 

3 5 19 19C5 = 11,628 

4 7 37 

37C7 = 

10,295,472 

5 9 61 

61C9 = 

17,341,763,505 

 As we can see, the scale of the problem grows very quickly as we add an outer 

layer to the grid which makes optimization crucial, especially in the case of n=5 where 

there is 17 billion+ possible configurations. 

c. Optimization 

i. Rotation and reflection 

 The first idea we got for optimization was to make use of rotations and 

reflections. If we take a grid with a certain configuration and rotate it by 120 degrees, 

it is still basically the same configuration. However, with the way the algorithm 

works, they will considered as two different configurations because they would have 

different cell numbers. Similarly, if we consider a grid with a certain configuration 

and take its symmetric with regards to one of the six symmetry lines in a hexagon, it 

will still be an equivalent configuration. This means that, potentially, there can be 

twelve different configurations, which are actually equivalent and will, yield the same 

results. This does not necessarily mean that we can divide the number of possibilities 

by 12 because a lot of the time some rotations and reflections will overlap but it is still 

an incredible time gain in theory. 
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 In practice, however, this proved to be very hard to implement in a way that is 

not too costly. The idea was to make use of a hash table to store all the configurations 

that were tested in such a way that the configurations that are equivalent will be stored 

under the same key. The problem with this is that there does not seem to be something 

unique to those 12 equivalent configurations. Therefore, it becomes complicated to 

come up with a key. The only possible key in this case would be a set with all the 

equivalent configurations: from every one of those 12 configurations, you can get to 

all the eleven others. However, this will lead to memory issues. In the end, we decided 

to drop this idea. 

ii. Outer layer condition 

 When testing out some random configurations by hand, we noticed that 

sometimes we would end up with a side in the outer layer completely empty by the 

end. That is because the outer layer cells are special: each cell in the outer layer has, at 

most, two neighbors from the lower level layer. This means that to infect a cell in the 

outer layer, you need to have at least one other infected cell in the same side. For 

example, if you want to infect cell number 2 (according to the indexing down below), 

assuming you have cell 7 and 8 already infected, you would still need either cell 1 or 

cell 3. The same logic can be used for cell 3 and 4. Therefore, to infect the line with 

cells 1, 2, 3, 4 and 5, at least one of them should be part of the seed. Considering that 

we have 6 sides in a hexagon and that one cell can be part of, at most, 2 sides (1, 5, 
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27, 35, 57 and 61 cover for 2 sides, the others cover for 1 side only), we conclude that 

a winning seed should have at least 3 cells from the outer layer. We even confirmed 

this condition using n=4 results: indeed, all the solutions found by brute force had 

either 3, 4 or 5 cells in the outer layer. 

 For the implementation of this optimization, it is very simple. We create a list 

with all the outer layer cells and, whenever checking a seed, we first count the number 

of cells in the outer layer. If the counter is less than three, we move on to the next 

seed. 

 

iii. Iteration optimization 

 Another trick we figured out by tracing the algorithm by hand is that, in each 

iteration of the infection process, we only need to check the neighbors of cells infected 

in the step right before it. To demonstrate this, suppose there is a cell that can be 

infected in step i (cell a) but is not a neighbor of a cell infected in step i-1. This leads 

to a contradiction: it means that cell a can be infected before step i. Therefore, all cells 
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infected in step i will be neighbors of cells infected in step i-1. This optimization 

should provide bigger and bigger time gains as the grid gets bigger. For n=5, for 

example, it would reduce the number of checked cells from a fixed 61 per step to an 

average of around 20 (or less) per step. Considering n=5 seeds take a few dozen steps 

to reach the final state, this could easily lead to hundreds of checked cells less per 

seed. 

 This optimization is also easily implemented by simply keeping track of the 

cells infected in the previous step and looping over their neighbors. 

iv. Number of combinations optimization 

 Even with all the previous optimizations in place, the 17 billion+ possible 

configurations for n=5 are still too much to handle in terms of both time and space 

complexity. In order to reduce that number, we need to figure out what are the 

possible structures for a solution and generate only from those structures. In that 

perspective, we decided to form the seeds in a different way: instead of choosing 9 

random numbers from the 61 possible cells, we choose a certain number of cells from 

each one of the 9 lines. This way, we can divide the problem into sub problems: 

 Seeds with 1 cell from each line 

 Seeds with 1 empty line 

 Seeds with 2 empty lines 

 Seeds with 3 empty lines 

 Seeds with 4 empty lines 

 Seeds with 5 empty lines 

 Seeds with 6+ empty lines 
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 If we have 6 or more empty lines, that means that at least 2 of those lines will 

be next to each other. For each of those 2 lines, we can rely on one neighbor line, 

which is not enough to infect any cell because the neighbor line will only provide 2 

infected neighbors (at most) for each cell. Therefore, those 2 lines would forever stay 

empty, thus eliminating the case of seeds with 6+ empty lines. 

 To further decrease the number of possibilities, we relied on an observation 

from previously found results: winning seeds do not have 2 cells neighboring each 

other. Intuitively, this makes sense, as it would be very inefficient to choose 2 cells 

next to each other rather than cover a larger area, especially since we are working with 

the minimum size seeds. 

 To implement all of this for n=5 specifically, a new program was created for 

each sub problem. In the previous program, we were generating combinations using a 

python library called “itertools” and storing all of those in one list. Now, since we are 

manually generating seeds using specific structures, we do not need to store them, as 

we will test them as soon as we generate. 

d. Results 

 Due to time constraints, we could not cover all the cases for n=5. However, the 

partial results seem to confirm the conjectures, as do the full results for n=3 and n=4. 

 

n 

Minimal 

steps 

Seed example Maximum 

steps 

Seed example 

3 6 [1, 6, 9, 12, 17] 6 [1, 6, 9, 12, 17] 

4 9 [1, 7, 14, 19, 22, 24, 34] 19 [1, 8, 10, 18, 22, 23, 35] 
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