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Abstract 

Electricity supply do not always satisfy customers’ demand; which results in peak demand periods. 

When demand is at its peak, electricity providers have to react to meet the demand and avoid 

interruptions by boosting the capacity which is costly and not always possible. In addition to 

fluctuation in demand, price of electricity production changes continuously due to the variation in 

resources used for production over periods. Yet, the consumers pay the same price for the electricity 

unit both in on-peak and off-peak periods. A proposed solution would be the use of real time pricing 

(RTP) of electricity. The end-users will be involved in the electric grid and will have control on 

the consumption over different periods either by reducing or by shifting it to off-peak periods as a 

reaction to RTP. After a literature review and a study of previous work on RTP and demand 

response in smart homes, we will implement a RTP algorithm. The project will be with direct social 

and ethical implications since less energy consumption implies more energy efficiency, and thus 

more respect for environment. We implement the RTP algorithm in both a central and a distributed 

manner. The results obtained prove that not only the electric utility, but also the subscribers will 

benefit. Comparing the results of RTP algorithm to a scenario where price is fixed, we notice that 

the aggregate utility of every user is higher using RTP algorithm.  
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1. Introduction  

1.1. Energy Situation in Morocco  

1.1.1. Problem 

Energy sources in Morocco are very scarce and energy consumption is very high. Morocco 

does not have any fossil fuels, while the other resources, such as natural gas, cover less than 10% 

of the national energy demand [1]. Morocco imported around 91% of its energy needs in 2012 [2], 

and energy imports represented 27.6 % of the total country imports in 2014 [3]. Furthermore, 

electricity production in Morocco for 2012 has reached 1.66 MTOE (Million Tons of Oil 

Equivalent) while the net imports reached 18.07 MTOE [3]. All these facts put into question the 

security of energy supply and the vulnerability of the energy situation in Morocco. 

1.1.2. Solutions  

As a reaction to the energy situation in the country, the Moroccan government adopted in 

2009 a national energy strategy with new energy policies and huge projects that are under way and 

some of which have already seen the light. This energy strategy is oriented toward renewable 

energies (solar, wind, and hydro energies); it also takes into consideration research and 

development of energy technologies. The strategy has as objective making solar, wind and hydro 

power generation capacity reach 42% of the installed power capacity in the country by 2020 [4]. 

In addition, renewable energy contribution to the total energy supply is planned to reach 12% in 

2020 [4].  

1.2. Project Identification  

All these efforts in the energy sector are not enough, and even with the national energy 

strategy: more than 80% of energy needs of Morocco will be imported. Other actions toward 
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achieving more energy efficiency should be taken from the sides of both users and electricity 

providers.  

Since electricity supply does not always satisfy customers’ demand resulting on peak demand 

periods, a proposed solution would be to use dynamic electricity pricing. The subscriber to the 

utility will be involved in the electric grid and will have control on the consumption over different 

periods either by reducing or by shifting it to off-peak periods as a reaction to dynamic pricing.  

This capstone project intends studying the concept of dynamic pricing and demand response 

between the electricity provider and the subscribers; a real time pricing algorithm will be modeled; 

an algorithm in which we will simulate the two way communication between users and electricity 

providers. Dynamic pricing and demand response are solutions that incentive users to shift or 

reschedule their demand in a way that results on less cost, less electricity production and thus more 

energy efficiency.  

After literature review and a look at related work on demand response and dynamic pricing 

in smart homes, the scope of this project consists of studying the different types of dynamic pricing 

and on modeling an algorithm that integrates these concepts into the smart home energy 

management system. Adopting these algorithms is proven to benefit both users and electricity 

provides. 
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2. Literature Review  

2.1. Smart Grids and Smart Homes  

Smart grid is the new technology integrating IT infrastructure to the electric grid, which 

enables a digital two way communication between electricity providers and subscribers to the grid 

[5].  

“The Smart Grid is ultimately about using megabytes of data to move megawatts of electricity 

more efficiently and affordably.” – Ontario Smart Grid Forum report, May 2011[6] 

Smart grids are more consumer interactive and less centralized. Not only the electric utility 

is able to send data to the users, but also users are able to send information to the utility under 

different forms (preferences, user behavior, consumption curves…). Smart grids allow demand 

response, distributed generation and storage, visualization and control and other features [5].    

 

Figure 1: Smart Grid Diagram (Source: Environment Entrepreneurs 2014). 
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Smart homes at the other hand are homes equipped with devices and systems allowing a two 

way communication between the owner and the devices inside the home. Smart devices in smart 

homes allow users to monitor energy consumption in real-time; in addition, users are able to 

distantly control systems and devices [7].  

Not only pre-designed electric grids can be smart grids, any normal electric grid can become 

a smart one if the two-way communication system between the user and the utility is established. 

This can be achieved by installing smart meters alongside a communication infrastructure. This 

would be a feasible and convenient solution for the existing electric grids in Morocco.  

2.2. Advanced Metering Infrastructure  

“Advance Metering Infrastructure is the integrated system of smart meters, communication 

networks and data management systems that enables the two-ways communication between 

utilities and customers” (Smartgrid.gov). Smart meters are electronic devices that record data 

related to the energy consumption several times during the day; data is then transferred by the 

communication part of the AMI to the service provider. The utilities communicate also information 

to users; information such as dynamic pricing.  

2.3. Dynamic Pricing and Demand Response  

The cost of electricity production varies depending on means of production, capacity 

limitations and time constraints. At the other hand, the price communicated to the end user do not 

usually vary accordingly. Moreover, one of the major challenges faced by electric utilities is the 

difficulty to make demand and supply match. The facts that demand is very dynamic and that the 

generation capacity is constrained both lead to inefficiencies with over-consumption and under-

consumption during on-peak and off-peak periods [9].  
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When demand is at its peak, utilities have to react to meet the demand and avoid interruptions 

by boosting the capacity which is costly and not always feasible. In addition to fluctuation in 

demand, price of electricity production changes continuously due to the variation in resources used 

for production over periods. Consequently, the consumer pays the same price for the electricity 

unit in both on-peak and off-peak periods.  

Dynamic pricing comes as a solution to all these problems as it pushes users to shift their 

electricity consumption to off-peak periods, and incentives them to reschedule some of their non-

urgent electricity needs for later time intervals other than on-peak ones [9]. Demand response is 

how dynamic electricity pricing shapes the demand of users. We make the assumption that 

customers respond to dynamic pricing by changing their demand. The five main types of dynamic 

pricing are the following:  

2.3.1. Time of Use Pricing (TOU) 

Prices of electricity in Time-of-Use pricing are set several months in advance and remain 

fixed for several months. Within a time interval (usually 2 to 3 intervals each year), there are up to 

3 different prices depending on periods (on-peak, off-peak, and average consumption periods). 

Even though electricity production cost and average demands change within the same time 

intervals, the price remains the same. Utilities communicate the price with the users in advance 

allowing them to response [10].  

2.3.2. Critical Peak Pricing (CPP) 

When electricity is in high demand, the price increases. Utilities give subscribers advanced 

notice when the demand will be high and when unit price will increase. Critical peak periods are 

usually around 15 periods each year; each period and lasts between 4 and 6 hours [11]. 
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2.3.3. Direct Load Control 

Electric utilities adopting direct load control have direct control on some of appliances of 

users such as air conditioners. Utilities increase slightly the temperature of the air conditioners 

during summer periods for instance if usage is on peak.  Electric utilities install thermostats at the 

side of subscribers enrolling in direct load control system [11]. Direct load control results usually 

in high customers’ satisfaction as it does not take on consideration the preferences and behavior of 

subscribers.  

2.3.4. Peak Time Rebates  

In peak time rebates systems, customers receive rebates and incentives for shifting and 

rescheduling their usage when electricity usage in the grid is high. Utilities usually inform 

customers of peak time events. At the other side if users keep their normal electricity usage rate 

during peak time events, no additional charges will be applied [11].   

2.3.5. Real Time Pricing (RTP)  

The final and most efficient fully dynamic electricity pricing is Real Time Pricing. In RTP, 

the retail price of electricity change at several predetermined time intervals during the same day. 

Intervals can be hourly (24 a day) and can change as often as 4 intervals each hour (15minute 

intervals). The electricity provider communicates the price continuously to the users using a 2 way 

communication system. The users communicate their consumption preferences and behavior, while 

the utility sends the price. Energy consumption controllers within the smart meters take care of 

running the algorithm.  
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3. Real Time Pricing Modeling   

The real time price will be communicated through a 2-way communication network between 

the users and the electricity provider. The users side is modeled using utility functions that take 

into consideration their consumption preferences and satisfaction; at the other side, the electricity 

providers are modeled using a cost function written that depends on number of units produced. The 

overall problem is subject to constraints such as the maximum generation capacity. 

3.1. Utility Functions  

 

Utility functions are functions describing the level of satisfaction or happiness of costumers 

while consuming goods and services. The utility function can take one or more arguments that 

affect the overall satisfaction of users. The functions take different forms depending on the users’ 

behavior and on the consumed products. Among the forms that utility functions take are:  

3.1.1. Linear Utility Functions 

  

U (𝑥1,𝑥2 ,….𝑥𝐿)= 𝑎1𝑥1 + 𝑎2𝑥2 + ⋯+ 𝑎𝐿𝑥𝐿 

It describes the willingness to make tradeoffs between the L goods. It represents also a 

preference ordering that is monotonic, continuous and convex [12].  

3.1.2. Exponential Utility Functions  

 

U (c) = {
1−𝑒−𝑎𝑐

a
 a ≠ 0

𝑐            𝑎 = 0
 

Usually used when uncertainty is present, and when risk should be taken on consideration. C 

is a variable decided on by economic decision makers, while a represents the degree of risk.  
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3.1.3. Quasilinear Utility Functions  

 

U (𝑥1,𝑥2) =  𝑥1+ v (𝑥2) 

Linear in one argument and non-linear at the other. V(x) is a concave function. The utility is 

linear at 𝑥1, which means that the marginal utility is constant at 𝑥1.  

3.1.4. Leontief Utility Function  

   

U (𝑥1,𝑥2,…. 𝑥𝐿)= min{ 𝑎1𝑥1, 𝑎2𝑥2, … , 𝑎𝐿𝑥𝐿} 

It describes the complement between goods. In this utility all goods should be used at the 

same time for the utility to be increased. Leontief utility function is also continuous, monotonic, 

and convex. 

3.1.5. Cobb-Douglas Utility Function 

 

U (𝑥1,𝑥2,…. 𝑥𝐿)= 𝑥1
𝛼1𝑥2

𝛼2 … 𝑥𝐿
𝛼𝐿 

Where:  

 𝑥1,𝑥2, …,𝑥𝐿:  quantities consumed of goods 1,2,…L.  

 𝛼1,𝛼2,…, 𝛼𝐿: positive values.  

The Cobb-Douglas utility function represents an ordering of the preferences. The function is 

continuous, strictly monotonic, and strictly convex [12].  

The utility function modeling electricity users within a grid will have two main arguments. 

The first one is consumption. Every user has a lever of consumption different from other users and 

that changes from a time interval to another.  
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A minimum consumption is to be satisfied in all time intervals; while a maximum 

consumption is the consumption level when all electricity needs of a user are satisfied during a 

time interval. Each user is different from other users in terms of consumption behavior and in how 

quick the user is satisfied; as a result, the second argument in the utility function should distinguish 

a user from the other.   

The choice of utility function for real time pricing should take into consideration electricity 

users’ behavior.  It is assumed that users are always interested on consuming more until reaching 

their maximum needs. Following this assumption, the utility function should be a non-decreasing 

one.   

Moreover, the increase in the utility function of a user when getting the first units of 

electricity is much higher than the increase in the same utility function when receiving the 100th 

unit of electricity. In other words, the level of satisfaction gets saturated over time.  

We assume that the change in the utility function is linear .For this to be true, the first 

derivative should be a linear decreasing function. The first derivative of the utility is the marginal 

utility defined as the additional satisfaction a person receives from consuming an additional unit of 

good or service. We finally assume that zero consumption means zero utility.  

To satisfy assumptions discussed previously, the utility function should be a quadratic 

function of the following form:  

u (x) = {
−𝑎𝑥2 + 𝑏𝑥, 0 ≤ 𝑥 ≤

𝑏

𝑎

𝑏²

2𝑎
 ,   𝑥 ≥

𝑏

𝑎
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Where a, and b are positive parameters.  

 -a: is the slope of the marginal benefit and should predetermined.  

 b: is the initial value of the marginal utility when consumption is zero. Thus, 

(b) is the variable distinguishing a user from the other.  

 
𝑏

𝑎
: is the consumption value at which the utility function is maximum.  

 𝑢(
𝑏

𝑎
)= 

𝑏²

2𝑎
 

3.2. Electricity Cost  

The cost of electricity depends on several cost factors. Among main factors that should be 

taken on consideration while calculating the cost of electricity generated are the following [13]:  

 Initial Capital  

 Return on investments 

 Operation costs  

 Fuel costs 

 Maintenance costs 

Also, the cost of electricity generation depends also on the means of production. Producing 

electricity using thermal stations is different from producing it using solar energy or wind power. 

The initial capital, for instance, is usually high for solar and wind energies compared to fossil fuel 

or thermal power stations. Fuel costs, at the hand, are zero for renewable energy generation. 

Furthermore, electricity costs take into consideration different other costs such as how far the 

generation plant is located from the subscribers [13].  
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Consequently, different cost functions are formulated taking on consideration all factors 

discussed previously. The following are cost functions for electricity thermal generators, wind 

power generators, and solar power generators:  

3.2.1. Thermal generators 

The cost function for electricity produced using thermal generators is represented usually 

using a quadratic function such as:  

𝐶𝑘 (P) =𝑎𝑘P²+𝑏𝑘P+𝑐𝑘 

Where:  C is the operating cost; P is the electrical power output (number of units produced); a b 

and c are pre-determined fuel cost coefficients [14]. This quadratic functions models the response 

of generators while using different fuel types (oil, coal, gas…) [14]. 

3.2.2. Wind Generators: 

The cost function of electricity generated using wind power as presented in [15] is:  

F (𝑃𝑤) = a𝐼𝑝𝑃𝑤 +𝐺𝐸𝑃𝑤 

a = 
𝑟

[1−(1+𝑟)−𝑁]
 

Where:  

3. 𝑃𝑤 = Wind generation (kW) 

4. a = Annuitization coefficient  

5. r = interest rate (taken as 0.09 for base 

case) 

 

6. N = Investment lifetime (N = 20 years) 

7. 𝐼𝑝 = Investment costs per unit installed 

($/kW) 

8. 𝐺𝐸= Costs of operation and 

maintenance. 
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In [15] it is assumed that the cost takes on consideration the depreciation of all equipment 

used during the generation. It is also assumed in [15] that the costs of investment is 1400$ per 

unit installed, and the cost of operations and maintenance is assumed to be 1.6 cents per kW.   

3.2.3. Solar Generators  

The cost function of electricity generated using solar power as presented in [15] is:  

F (𝑃𝑠) = a𝐼𝑝𝑠 +𝐺𝐸𝑠 

a = 
𝑟

[1−(1+𝑟)−𝑁]
 

Where:  

 𝑠 = Wind generation (kW) 

 a = Annuitization coefficient 

 r = interest rate (taken as 0.09 for base 

case) 

 𝐺𝐸= Costs of operation and 

maintenance  

 N = Investment lifetime (taken as N = 

20 years) 

 𝐼𝑝 = Investment costs, per unit 

installed power ($/kW) 

 

 

In [15] it is assumed that the cost takes on consideration the depreciation of all equipment 

used during the generation for solar power as well. It is also assumer in [15] that the costs of 

investment is 5000$ per unit installed, and the cost of operations and maintenance is assumed to 

be 1.6 cents per kW.   
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3.3. Objective Function 

Our objective is to maximize the satisfaction of the subscribers to the grid and minimize the 

number of units that should be produced by the electric utility. The two optimization problems 

can be merged to one maximization problem that is to maximize the overall welfare. Welfare is in 

our case defined as the difference between the sum of utility functions of all users and the cost of 

production (that depends itself on the number of units produced).  

3.4. Constraints   

The objective function is subject to several constraints such as insuring the minimum 

electricity needs of all subscribers over all time periods.  Another constraint would be having the 

sum of all consumptions of all users less or equal than the maximum production capacity of the 

electricity plant.    
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4. Real Time Pricing Algorithm  

The optimization problem concerns both users and the electricity provider, and can be 

solver either in a centralized manner by one side, or in a decomposition approach in a way that 

both sides run the algorithm and optimize locally then communicate the results. In our case, we 

have one objective function that optimizes both consumption and price. In addition, the two 

variables are coupled in the constrain inequality. Our problem, the primal problem, will be solved 

at the side of the company and the price will be communicated.  

We will implement the RTP algorithm in both a central manner and in a dual decomposed 

fashion. In the central approach, we assume that every user communicates to the company all 

information needed to form utility functions and optimize. In other words, the company is 

assumed to have access to what every user prefers and how fast each one is satisfied in terms of 

electricity consumption levels. The RTP algorithm is then solved by the company and the price is 

communicated to user before every time interval. 

In general, the preference of each user in every time interval is assumed to be private; as a 

result, the company cannot run the algorithm due to lack of information. As a solution, RTP 

algorithm is solved in a dual decomposed approach where both users and the company solve a 

part of the algorithm at their side, and only communicate the results. Using Lagrangian method, 

the algorithm can be split to two part. First, the users run the first part of the algorithm after 

receiving the price and come up with the consumption levels. Second, the users communicate the 

consumption results obtained; the company solves the 2nd part of the algorithm and updates the 
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price again. Finally, the price is communicated to the users. The process is repeated in every time 

interval.  

Based on the general formulas and characteristics of utility function, cost function, 

objective function and constraints we discussed previously in “Real Time Pricing Modeling” 

part; and using the values of the pre-determined coefficients and notations adopted in [16] the 

real time pricing algorithm would be the following:  

4.1. Variables and Pre-determined Coefficients  

The variables and the pre-determined coefficients used in this Real Time Pricing algorithm 

as define in [16] are:   

K: time intervals  

N: number of users  

𝑥𝑖
𝑘: Amount of energy consumed by user i in time 

interval k.  

𝑚𝑖
𝑘: Minimum power consumption.  

𝑀𝑖
𝑘: Maximum power consumption.  

ω: Variable that varies from a costumer to another 

and from a time interval to another (b in the 

previous part). 

𝐼𝑖
𝑘= [𝑚𝑖

𝑘,𝑀𝑖
𝑘]: power consumption interval.  

𝐿𝑘: Number of units generated at k.  

𝐿𝑘
𝑚𝑖𝑛: Minimum generating capacity and each time 

interval k.(𝐿𝑘
𝑚𝑖𝑛=∑𝑚𝑖

𝑘)  

𝐿𝑘
𝑚𝑎𝑥: Maximum generating capacity and each time 

interval k.(𝐿𝑘
𝑚𝑎𝑥=∑𝑀𝑖

𝑘)  

α : predetermined slope of marginal utility (2a in the 

previous part)  

 

 

We will follow [16] and consider:  

 24 k time intervals of 1 hour lengths.  

 ω: takes values of {1, 2, 3, and 4}. A larger ω means a larger utility function.  
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 α = 0.5  

 A quadratic cost function where: 𝑎𝑘=0.01, 𝑏𝑘=0, and 𝑐𝑘=0.  

4.2. Utility Function  

u (x) = {
−

α 

2
𝑥2 + ω 𝑥, 0 ≤ 𝑥 ≤

ω

α

ω²

2α
 ,   𝑥 ≥

ω

α

        (1) 

4.3. Cost Function 

𝐶𝑘 (𝐿𝑘) =0.01 𝐿𝑘²         (2) 

4.4. Maximization Problem  

Maximize  ∑  ∑ 𝑢(𝑥𝑖
𝑘 , ω𝑖

𝑘)𝑖∈𝑁𝑘 − 𝐶𝑘 (𝐿𝑘)        (3) 

4.5. Constraints  

The sum of consumptions of all users during a time interval should be less or equal to the 

number of units produced at that time interval. The production capacity itself should not exceed 

the generation capacity of the electric plant.  

As a result objective function would be subject to:  

∑ (𝑥𝑖
𝑘)𝑖∈𝑁  ≤ 𝐿𝑘 

𝑚𝑖
𝑘≤ 𝑥𝑖

𝑘 ≤𝑀𝑖
𝑘 

4.6. Problem Solving  

 

We will solve the optimization problem using MATLAB software. The optimization 

problem is a quadratic convex maximization problem. Quadratic convex maximization problems 

can be solved in MATLAB using specific functions and solvers that we will talk about in the 

following part. 
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5. Primal Problem Implementation  

The centralized primal approach assumes that the electric company knows the exact utility 

functions of all users. We are assuming that the parameter (𝑤𝑖), that is different from a user to 

another in every time interval, is public. The electricity provider gets the values (𝑤𝑖) for each user 

before every time interval. The two way communication in this case is restricted to receiving the 

values of (𝑤𝑖) from users and communicating back the price.  

5.1. Pre-determined parameters  

 

Some parameters we will work with are assumed to be known by the electric utility 

company. For instance the minimum consumption (appliances that can never turned off like 

refrigerators) and the maximum consumption (consumption when all appliances are on) are pre-

determined as follows:  

 

Moreover, the coefficients of the utility function as discussed previously are pre-

determined. α will be 0.5, while ω will take values of (1,2,3 and 4) and will be randomized in 

every time interval:  
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Number of users is assumed to be 10, and time intervals are 24.  

The next step is to choose a solver for the quadratic convex problem and implement it. 

5.2. Choosing the Solver  

  

MATLAB offers three different solvers for quadratic optimization problems:  

 Interior-Point-Convex 

 Trust-Region-Reflective 

 Active-Set 

Our optimization problem is a convex one, so we will choose Interior-Point-Convex: 

 

5.3. Quadratic Programming  

5.3.1. General Quadprog Function 

The objective function we would like to maximize is a quadratic function of 11 variables 

(consumptions of 10 users + the number of units to produce).  To do that, we will use quadprog 

function provided by MATLAB in its optimization toolbox.  

The objective function should take the standard quadprog form as defined in MATLAB 

documentation [17]:  

 

x = quadprog( H, f, A, b, Aeq ,beq, lb, ub, options) 

http://www.mathworks.com/help/optim/ug/quadprog.html?refresh=true#outputarg_x
http://www.mathworks.com/help/optim/ug/quadprog.html?refresh=true#inputarg_H
http://www.mathworks.com/help/optim/ug/quadprog.html?refresh=true#inputarg_f
http://www.mathworks.com/help/optim/ug/quadprog.html?refresh=true#inputarg_A
http://www.mathworks.com/help/optim/ug/quadprog.html?refresh=true#inputarg_b
http://www.mathworks.com/help/optim/ug/quadprog.html?refresh=true#inputarg_Aeq
http://www.mathworks.com/help/optim/ug/quadprog.html?refresh=true#inputarg_beq
http://www.mathworks.com/help/optim/ug/quadprog.html?refresh=true#inputarg_lb
http://www.mathworks.com/help/optim/ug/quadprog.html?refresh=true#inputarg_ub
http://www.mathworks.com/help/optim/ug/quadprog.html?refresh=true#inputarg_options
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Where: H, A, and Aeq are matrices, and f, b, beq, lb, ub, and x are vectors. (f, lb, and ub can be 

passed as vectors or matrices) [17]. “options” solves the optimization problem using the specified 

solver.  

5.3.2. Quadprog for RTP  

Our RTP objective function is a maximization problem that should be turned into a 

minimization one by multiply the function by -1.  

Max (f) = - Min (-f) 

The objective function (3) and constraints under quadprog form is:  

Min   
1

2
𝑠𝑇Hs + 𝑓𝑇s        (4) 

                                  s. t.:                             sum(s) ≤ L 

𝑥_𝑚𝑖𝑛𝑖≤𝑥𝑖≤𝑥_𝑚𝑎𝑥𝑖 

After plugging the utility function and coefficients discussed previously, the objective function 

becomes:  

Minimize  0.01 𝐿𝑘² - 
α 

2

[
 
 
 
 
 
 
 
 
 
 
𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

𝑥6

𝑥7

𝑥8

𝑥9

𝑥10

𝐿 ]
 
 
 
 
 
 
 
 
 
 
2

− 

[
 
 
 
 
 
 
 
 
 
 
ω𝑥1

ω𝑥2

ω𝑥3

ω𝑥4

ω𝑥5

ω𝑥6

ω𝑥7

ω𝑥8

ω𝑥9

ω𝑥10

0 ]
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Thus, coefficients of (4) are the following:   

 

We then call the quadprog function:  

 

5.3.3. Quadprog for Fixed Cost  

We will solve the same optimization problem for the case of having a fixed cost of 

electricity during all time intervals. In this case the maximization objective function will cover 

the utility functions only. Every subscriber will try to maximize his or her own satisfaction in 

every time interval.  

 

The implementation of the quadprog maximization algorithm is the following: 
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5.4. Output  

The algorithms for both RTP and fixed cost pricing will be run 24 times a day. Every time 

the optimization problems are solved inside the “for loop”, two vectors of solutions are obtained; 

one for every algorithm. We store the obtained vectors inside matrices that will be used for data 

visualization.  

 

5.4.1. RTP Output 

Assuming that we have 10 users subscribed to the grid and one cost to determine, and 

knowing that the algorithms will be run 24 times: the output will be a matrix of size 11*24:  

[
 
 
 
 
 
 
 
 
 
 
 
 
𝑥\𝑖 1 ⋯ ⋯ 24

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

𝑥6

𝑥7

𝑥8

𝑥9

𝑥10

𝐿 ]
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5.4.2. Fixed-Cost Output  

Unlike the RTP algorithm, the price will be fixed.  Thus, the output will be a matrix of size 

10*24:  

[
 
 
 
 
 
 
 
 
 
 
 
𝑥\𝑖 1 ⋯ ⋯ 24

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

𝑥6

𝑥7

𝑥8

𝑥9

𝑥10 ]
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6. Dual Problem Implementation 

  

Given the fact that (𝑤𝑖) for every user is usually not public, and knowing that energy 

providers in real life do not have sufficient information to solve the optimization problem: the 

central approach of solving the algorithm is not efficient.  

The optimization should then be solved in dual decomposition approach. The dual approach 

solves the problem in a distributed fashion using a distributed algorithm. A part of the 

optimization algorithm will run first at the side of the subscribers, and then the second part of the 

algorithm will be solved by the electricity provider. None of two parts of the optimization 

algorithm can be solved independently; a continuous two-way communication system should be 

established.  

6.1. Lagrange  

A way to merge the objective function with the constraint is the method of Lagrange 

Multipliers. For instance, the Lagrange function for optimization problem maximizing f(x, y) 

subject to g(x, y) = 0 is:  

L(x, y, λ) = f(x, y) + λ g(x, y) 

Where λ is the Lagrange multiplier. 

Following the optimization problem in [16], the Lagrangian for our optimization problem is:  

L(x, y, λ) =   ∑ (𝑢(𝑥𝑖
𝑘 , ω𝑖

𝑘) −  𝜆𝑘𝑥𝑖
𝑘

𝑖 ) + 𝜆𝑘𝐿𝑘 - 𝐶𝑘 (𝐿𝑘) 
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6.2. Decomposed Algorithm  

The optimization problem becomes:  

Maximize L(x, y, λ) 

The first part of Lagranian concerns the users, while the second one concerns the electricity 

provider.   

Maximize L(x, y, λ) = ∑𝐴 + B  

Where: 

A =       ∑ (𝑢(𝑥𝑖
𝑘 , ω𝑖

𝑘) −  𝜆𝑘𝑥𝑖
𝑘

𝑖 ) 

B =        𝜆𝑘𝐿𝑘 - 𝐶𝑘 (𝐿𝑘) 

The problem will be solved in an iterative manner. We start with an initial price (Lagrange 

Multiplier) and repeat the update until the price converges.  Before every time interval: 

 A is solved by each user in their side 

 The local solutions 𝑥𝑖
𝑘 are communicated to the company  

 The Lagrange multiplier is then updated by the company (gradient projection method) 

 B is then solved by the company 

 Both the cost and the new value of Lagrange multiplier are communicated to the users 

 The process is repeated 
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6.3. Updating the Price 

The gradient projection method is used to solve convex problems in an iterative manner. 

Using the gradient projection method as in [16], Lagrange multiplier will updated in an interation 

manner until the value converges. We have:  

𝜆𝑡+1
𝑘 =𝜆𝑡

𝑘+γ [ ∑ (𝑥𝑖
𝑘∗(𝜆𝑡

𝑘) − 𝐿𝑡
∗(𝜆𝑡

𝑘))𝑖 ] 

Where: 𝑥𝑖
𝑘∗ and 𝐿𝑡

∗  are the local optimizers of A and B, and γ is a pre-determined step size.  

We start by a random value of Lagrange multiplier since the gradient projection method is 

convergent.    

6.4. Implementation  

6.4.1. Users  

After receiving the new value of Lagrange multiplier calculated in the previous time 

interval, every user solves the problem A and updates the consumption value. In our simulation, 

the first value of Lagrange multiplier used during the first time interval is taken randomly. The 

new consumption values are then communicated to the energy provider.   
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6.4.2. Updating Lagrange Multiplier   

Before solving the algorithm, the price is randomly chosen. The algorithm is then solved 

in iterative manner repeatedly until the price (Lagrange multiplier) converges. Lagrange 

multiplier is computed using the gradient projection method. The value is then communicated to 

users. 
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6.4.3. Company  

The company at its side, after updating Lagrange Multiplier, solves the optimization 

problem B and updates the new value of the cost.  
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7. Results  

7.1. Real-Time-Pricing  

After running the optimization problem for RTP pricing we got the following results that 

we will plot and visualize later:  

 

Figure 2: Consumptions and Production Levels Using RTP Algorithm. 

7.2. Fixed Cost  

Similarly, using a fixed cost during all time intervals we got:  

 

Figure 3: Consumption Level Using Fixed Cost Algorithm. 
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7.3. Utility Functions  

 

 

Figure 3: Utility Functions of Four Types of Uses. 

 

 As introduced previously, the utility function models the satisfaction of users in terms of 

number of electricity units consume; it depends also on a parameter (w) different from each user 

to another. Figure 3 is a plot of four utility functions of four types of users. Users with a higher 

w=4 need more electricity before reaching satisfaction compared to users with w=1.   
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7.4. Graph of Consumptions  

 

 

Figure 4: Total Consumption Using RTP Algorithm vs Fixed Cost 

In figure 4, we plotted in red the total consumptions of every user during every time 

interval while using RTP algorithm. Then we run the algorithm assuming the price is fixed and 

not dynamic, and plotted the total consumptions in red. We conclude that using the preferences of 

users, RTP algorithm is proved to bring down the total consumption.  
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7.5.  Graph of Prices 

   

 

 

Figure 5: Prices of Electricity Using RTP algorithm vs Fixed Price. 

 

Figure 5 shows how the prices of electricity vary in every time interval. The fact that the 

satisfaction of users is randomized every time interval justifies the absence of a specific pattern.  
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8. Conclusion & Future Work  

The work done in this capstone project covered a literature review of research done on 

dynamic pricing followed by the implementation of a real time pricing algorithm in both central 

and dual approaches. Although the results obtained demonstrated the efficiency of real time 

pricing in both consumption levels and demand response, the algorithm can be further developed 

in many ways.  

 Off-Grid Power  

The electric utility is not always the only source of power. Users can produce their own 

electricity. Solar power is usually used the most when it comes to off-grid energy. With a 

photovoltaic panel, an inverter, batteries, and enough solar exposure, users can produce their own 

electricity. In this case the utility maximization in the Real-Time-Pricing algorithm would be 

different. The consumption value in the utility function would be the difference between the 

electricity produced and the total consumption level. 

 Malicious Users  

The real time pricing algorithm could be developed further to cover malicious behavior of 

users, and detect malicious meters. A sudden drop in electricity consumption while water 

consumption is normal would be suspicious for instance. Errors by smart meters would be 

considered malicious as well.  
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