Ch 5. Normal Distribution

Normal Distribution — Modules

25. Definition and Fun Facts

26. Normal Probabilities

27. Central Limit Theorem

28. Bivariate Normal Distribution



5.25 Normal Definition

5.25 Normal Distribution Definition and Fun Facts

Definition

Fun Facts

Additive Property

Corollary and Standardization



5.25 Normal Definition

Definition: X has the normal distribution with pa-

rameters u and o2 if it has p.d.f.

— (& — p)?
2

1
f(z) = exp
Dol

], Vx € R.

20

Notation: X ~ Nor(u, o2)



5.25 Normal Definition

f(x) is “"bell-shaped” and symmetric around =z = pu,

with tails falling off quickly as you move away from pu.

Small o2 corresponds to a “tall, skinny' bell curve;

large o2 gives a ‘short, fat” bell curve.

Remark: The Normal distribution is also called the

Gaussian distrn.

Examples: Heights, weights, SAT scores, crop vields,

and averages of things tend to be normal.



5.25 Normal Definition

Fun Fact (1): [y f(x)dz = 1.

Proof: Transform to polar coordinates. Good luck.

Fun Fact (2): The c.d.f. is

—(t — p)?
D02

exp

F(z) — /az 1

—00 /D2

]dt =77

Remark: No closed-form solution for this. Stay tuned.



5.25 Normal Definition
Fun Fact (3): E[X] = p.
Proof: Integration by parts or m.g.f. (below).
Fun Fact (4): Var(X) = o2,
Proof: Integration by parts or m.g.f. (below).
Fun Fact (5): The m.g.f. is My (t) = exp(ut + 505°t2).

Proof: Calculus (or look it up in a table of integrals).
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5.25 Normal Definition

Theorem (Additive property of normals): If Xq,...,Xn

are indep with X; ~ Nor(u;,0?), i =1,...,n, then

Y = ) aX;+b ~ Nor( ) aju; +0b, ) ajoy).

So a linear combination of indep normals is itself nor-

mal.



5.25 Normal Definition

Proof: Since Y is a linear function,

My (1)

My a;x4b() = ethZiain'(t)

n
e’ T M, x,(t) (X;'s indep)
1=1

n
e’ T Mx,(a;t) (m.g.f. of linear fn)
i=1

b n
e T[ exp

1=1

exp

1=

w;(a;t) + %af(ait)zl (normal m.g.f.)

(3 mai+ D)t + (3 a?oP)2|. (Done)
=1 1=1
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5.25 Normal Definition

Remark: A normal distrn is completely characterized

by its mean and variance.

By the above, we know that a linear combination of

indep normals is still normal.

T herefore, when we add up indep normals, all we have
to do is figure out the mean and variance — the nor-

mality of the sum comes for free.



5.25 Normal Definition

Example: X ~ Nor(3,4), Y ~ Nor(4,6) and X,Y in-
dep. Find the distrn of 2X — 3Y.
Solution: This is normal with
E[2X —3Y] = 2E[X] —3E[Y] = 2(3)—-3(4) = -6
and

Var(2X —3Y) = 4Var(X) 4+ 9Var(Y) = 70.

Thus, 2X — 3Y ~ Nor(—6,70).
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5.25 Normal Definition

Corollary (of Theorem):
X ~ Nor(u,c?) = aX +b ~ Nor(au+ b,a’c?).

Proof: Immediate from Theorem after noting that
E[laX +b] = au+ b and Var(aX + b) = a?02.

Corollary (of Corollary):

X —p

X ~ Nor(u,c?) = Z = ~ Nor(0,1).

Proof: Use above Cor with a=1/0 and b= —pu/o.
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5.25 Normal Definition

Definition: The Nor(0, 1) distrn is called the standard

normal distribution.

T he standard normal is nice because there are tables

available for its c.d.f.

You can standardize any normal RV X into a standard
normal by applying the transformation 7 = (X —pu)/o.

Then you can use the c.d.f. tables.
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5.26 Normal Probabilities

Definition: The Nor(0, 1) distrn is called the standard
normal distribution.

Notation: The Nor(0, 1) is often denoted by Z.

The p.d.f. of the Nor(0,1) is

1 2
— —2z</2
pz) = 5= 0% 2R
The c.d.f. is
d(2) = /_”’OO (1) dt, zeR.



5.26 Normal Probabilities

Remarks:

Pr(Z<a) = P(a)
Pr(Z>b) = 1— d(b)
Pr(a<Z<b) = () — P(a)

®(0) = 1/2
d(=b) = Pr(Z<-=b) = Pr(Z>b) = 1—P(b)
Pr(-b6<Z<b) = ©(b) —P(-b) = 2P(b) -1



5.26 Normal Probabilities

Famous Nor(0, 1) table values.

z d(z) = Pr(Z < z2)

0.00 0.5000

1.00 0.8413

1.28 0.8997 =~ 0.90
1.645 0.9500

1.96 0.9750

2.33 0.9901 ~ 0.99
3.00 0.9987

4.00 ~ 1.0000




5.26 Normal Probabilities

Famous Inverse Nor(0,1) table values.

®~1(p) is the value of z such that ®(z) = p.

p | (p)
0.90 | 1.28
0.95 | 1.645
0.975| 1.96
0.99 | 2.33
0.995| 2.58




5.26 Normal Probabilities

Example: X ~ Nor(21,4). Find Pr(19 < X < 22.5).
Standardizing, we get

Pr(19 < X < 22.5)
19 — X — 22.5 —
= Pr( K < A < M)
O O O

(19—21

< 4 <
Pr(—1 < Z<0.75)
®(0.75) — d(—1)
d(0.75) — [1 — P(1)]

0.7734 — [1 — 0.8413] = 0.6147.

Pr

22.5 — 21)



5.26 Normal Probabilities

Example: Suppose that
Heights of men are M ~ Nor(68,4) and
Heights of women are W ~ Nor(65,1).

Select a man and woman independently at random.

Find the probability that the woman is taller than the

man.



5.26 Normal Probabilities

Note that

W —-M ~ Nor(E[W — M],Var(W — M))
~ Nor(65—-68,1+4) ~ Nor(-3,5).

T hen

Pr(W >M) = Pr(W - M >0)

= Pr(Z > O\-/|-§3>
= 1— d(3/V5)

1-0.91 = 0.09.

Q



5.26 Normal Probabilities
Sample Mean of Normal Observations
The sample mean of Xq,..., X, is X =", X;/n.

Corollary (of old Theorem): X1,...,Xn I Nor(u,o?) =
X ~ Nor(u,02/n).

Proof: By previous work, as long as Xq,...,X, are
i.i.d. something, we have E[X] = u and Var(X) =
o2 /n. Since X is a linear combination of independent
normals, it's also normal. Done.



5.26 Normal Probabilities

Remark: This result is very significant! As the number
of observations increases, Var(X) gets smaller (while

E[X] remains constant).

In the upcoming statistics portion of the course, we'll
learn that this makes the sample mean X an excellent
estimator for the mean u, which is typically unknown

in practice.
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5.26 Normal Probabilities

Example: Suppose that Xq,...,Xn I Nor(u,16). Find

the sample size n such that

Pr(|X —u/ <1) > 0.95.

How many observations should you take so that X will

have a good chance of being close to u?

Solution: Note that X ~ Nor(u,16/n). Then. ..
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5.26 Normal Probabilities

Pr(X —pul<1) = Pr(-1<X —p<1)

Pr( -1 _X-p_ 1 >
4//m " 4/\/n T 4/y/n

= 2®(y/n/4) — 1.

Now we have to find n such that this probability is at
least 0.95. . ..
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5.26 Normal Probabilities

2P (y/n/4) — 1 > 0.95 iff

d(y/n/4) > 0.975 iff

4 > &~1(0.975) = 1.96

iff n >61.47 or 62.

So if you take the average of 62 observations, then X
has a 95% chance of being within 1 of u.
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5.27 Central Limit Theorem
The most important theorem in prob and stats.

Central Limit Theorem: Suppose Xq,...,X, are
i.i.d. with E[X;] = u and Var(X;) = ¢2. Then as

n — 00,

no_x. _ T _
li=1 A T T H D Nor(0,1),

o\/n o/v/n
D

where" = " means that the c.d.f. — the Nor(0,1)
c.d.f.

Proof: Not in this class.



5.27 Central Limit Theorem
Remarks: (1) So if n is large, then X ~ Nor(u,c2/n).

(2) The X;'s don’t have to be normal for the CLT to

work!

(3) You usually need n > 30 observations for the ap-
proximation to work well. (Need fewer observations if

the X,'s come from a symmetric distribution.)

(4) You can almost always use the CLT if the obser-

vations are i.i.d.



5.27 Central Limit Theorem

Example: Suppose X1, ..., X100 9 Exp(1/1000). Find
Pr(950 < X < 1050).

Solution: Recall that if X; ~ Exp(\), then E[X;] = 1/A
and Var(X;) = 1/)\2.

Further, if X is the sample mean based on n observa-

tions, then

E[X] = E[X;] = 1/)\ and

Var(X) = Var(X;)/n = 1/(n\?).



5.27 Central Limit Theorem

For our problem, A = 1/1000 and n = 100, so that
E[X] = 1000 and Var(X) = 10000.

So by the CLT,
Pr(950 < X < 10§O) - - -
(950—E[X] X — E[X] 1050—E[X]>
= Pr < <

JVar(X) ~ yVvar(X) T Var(X)
F)r<95o — 1000 _ 1050 — 1ooo>

Z <
Pr(—

Q

100 - 100

<7< ) — 2(1/2)—1 = 0.383.

Q

N | —
N | —



5.27 Central Limit Theorem

Example: Suppose Xq,...,Xq00 are i.i.d. from some
distribution with mean 1000 and standard deviation
1000. Find Pr(950 < X < 1050).

Solution: By exactly the same manipulations as in the

previous example, the answer ~ 0.333.

Notice that we didn't care whether or not the data
came from an exponential distrn. We just needed the

mean and variance.



5.27 Central Limit Theorem
Normal Approximation to the Binomial(n,p)

Suppose Y ~ Bin(n,p), where n is very large. In such
cases, we usually approximate the Binomial via an ap-
propriate Normal distribution.

The CLT applies since Y = ¥I'_; X;, where the X;'s
are i.i.d. Bern(p).

Then
Y —E[Y] Y -—np
JVar(Y) V/1pq

~ Nor(0,1).




5.27 Central Limit Theorem
Why do we need such an approximation?

Example: Suppose Y ~ Bin(100,0.8) and we want

Pr(Y > 90) = %O (1QO> (0.8)%(0.2)100—

i=90 \ *

Good luck with the binomial coefficients (they're too
big) and number of terms to sum up (it's going to

get tedious). I'll come back to visit you in an hour.
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5.27 Central Limit Theorem

So how do we use the approximation?

Example: The Braves play 100 indep baseball games,
each of which they have prob 0.8 of winning. What's
the prob that they win at least 907

Y ~ Bin(100,0.8) and we want Pr(Y > 90) (as in the

last example). ..



5.27 Central Limit Theorem

Pr(Y >90) = Pr(Y >89.5) (“continuity correction”)

89.5 —
~ Pr(Zz np) (CLT)
\/TPq
89.5 — 80
= Pr(Z4 > = Pr(Z >2.375) = 0.0088.
( o Vv 16 ) (Z2 )

Use the continuity correction since the Binomial is a
discrete distrn while the Normal is cts. If you don't

want to use it, don't worry too much.
10
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5.28 Bivariate Normal & Friends

(X,Y) has the Bivariate Normal Distrn if it has
p.d.f.

3@ — 202x @2y () + B )|

flz,y) = Cexps; 21— 2) >

where
1

27TO'XO'Y\/1 — p27

p = Corr(X,Y), C =

TTHEX and oy (y) = L HY
25 ¢ Oy

zx(xz) =



5.28 Bivariate Normal & Friends

Pretty nasty joint p.d.f., eh?
In fact, X ~ Nor(uyx,0%) and Y ~ Nor(uy, o).
Example: (X,Y) could be a person’s (height,weight).

The two quantities are marginally normal, but posi-

tively correlated.



5.28 Bivariate Normal & Friends
If you want to calculate bivariate normal probabilities,
you'll need to evaluate quantities like
d b
Prla< X <bc<Y <d) = / / f(x,vy) dx dy,
C a

which will probably require numerical integration tech-

niques.



5.28 Bivariate Normal & Friends

Fun Fact (which will come up later when we discuss
regression): The conditional distribution of Y given

that X = z is also normal. In particular,

Y|X =2 ~ Nor(uy + p(oy/ox) (@ — px), o5 (1 — p?)).

Information about X helps to update the distribution

of Y.



5.28 Bivariate Normal & Friends

Example: Consider students at a university. Let X be
their combined SAT scores (Math and Verbal), and
Y their freshman GPA (out of 4). Suppose a study

reveals that

uy = 1300, uy = 2.3,

c% = 6400, oo = 0.25, p = 0.6.

Find Pr(Y > 2|X = 900).



5.28 Bivariate Normal & Friends

First,

E[Y|X = 900]

= py +ploy/ox)(z — px)
2.3 4 p(,/0.25/6400)(900 — 1300) = 0.8,

indicating that the expected GPA of a kid with 900
SAT’s will be 0.8.

Second,

Var(Y|X = 900) = ¢&(1 — p?) = 0.16.



5.28 Bivariate Normal & Friends

T hus,

Y|X = 900 ~ Nor(0.8,0.16).

Now we can calculate

2—0.8
Pr(Y > 2|X =900) = Pr(Z > )

V0.16
1 —®(3) = 0.0013.

This guy doesn’t have much chance of having a good
GPA.



5.28 Bivariate Normal & Friends

Lognormal Distrn

Definition: If Y ~ Nor(uy,o0%), then X = e¥ has the

lognormal distrn with parameters (uy,od).

Turns Out: The p.d.f. of the lognormal is

_ 1 L ey o2l
@) = o exp{ EAGORIY } > 0.




5.28 Bivariate Normal & Friends

Further,

E[X]

4%
GXD{“Y T ?}

Var(x) = exp{2uy + o }(exp{of} — 1]

The lognormal distrn has lots of other nice properties.

See any good prob/stats book for details.

10



5.28 Bivariate Normal & Friends

Example: Suppose Y ~ Nor(10,4) and let X = e¥.

T hen

Pr(Y < ¢n(1000)) = Pr(Z < En(lOO;)) _ 10)

= &(-1.55) = 0.061.

11



5.28 Bivariate Normal & Friends
Simulating Normal RV'’s

How would you generate a normal RV's when con-

ducting computer simulation experiments?

Theorem (Box and Miiller): If Uy, Us "9 U(0, 1), then

Z1 = /—=2¢n(Uy) cos(2xUs),
Z> \/—QKH(Ul)Sin(QWUQ)

are iid Nor(0,1).

12



5.28 Bivariate Normal & Friends

Remarks: (1) Proof: Not here.

(2) Many other ways to generate Nor(0,1)’s, but this

IS the easiest.

(3) Cosine and Sine must be calculated in radians,

not degrees.

(4) To get X ~ Nor(u,o2), just take X = u+ o Z.
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