
Ch 4. Continuous RVs

Continuous Random Variables — Modules

23. Starters — Uniform, Exponential, and Related

Distrns

24. Others (except for the Normal Distrn)
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4.23 Uniform and Exponential

Uniform, Exponential, and Related Distributions

Uniform

Exponential

Erlang

Gamma
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4.23 Uniform and Exponential

Uniform(a, b) Distribution

f(x) =




1
b−a a < x < b

0 otherwise

Previous work showed that

E[X] =
a + b

2
Var(X) =

(a − b)2

12
.

We can also derive the m.g.f.,

MX(t) = E[etX] =
∫ b

a
etx 1

b − a
dx =

etb − eta

t(b − a)
.
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4.23 Uniform and Exponential

Exponential(λ) Distribution

f(x) =


 λe−λx x > 0
0 otherwise

Previous work showed that the c.d.f. F (x) = 1− e−λx,

E[X] = 1/λ, and Var(X) = 1/λ2.

We also derived the m.g.f.,

MX(t) = E[etX] =
∫ ∞
0

etxf(x) dx =
λ

λ − t
, t < λ.
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4.23 Uniform and Exponential

Memoryless Property of Exponential

Theorem: Suppose that X ∼ Exp(λ). Then for posi-

tive s, t, we have

Pr(X > s + t|X > s) = Pr(X > t).

Similar to the discrete Geometric distribution, the

prob that X will survive an additional t time units

is the (unconditional) prob that it will survive at least

t — it forgot that it made it past time s!
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4.23 Uniform and Exponential

Proof:

Pr(X > s + t|X > s)

=
Pr(X > s + t ∩ X > s)

Pr(X > s)

=
Pr(X > s + t)

Pr(X > s)
(t positive)

=
1− F (s + t)

1− F (s)
=

e−λ(s+t)

e−λ(s)

= e−λ(t) = Pr(X > t).
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4.23 Uniform and Exponential

Example: Suppose that the life of a lightbulb is ex-

ponential with a mean of 1000 hours. If the light

survives 1000 hours, what’s the prob that it’ll survive

another 1000?

Pr(X > 2000|X > 1000) = Pr(X > 1000)

= e−λx

= e−(1/1000)(1000)

= e−1 = 0.370.
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4.23 Uniform and Exponential

Remark: The exponential is the only cts distrn with

the memoryless property.

Remark: Look at E[X] and Var(X) for the Geometric

distrn and see how they’re similar to those for the

exponential. (Not a coincidence.)
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4.23 Uniform and Exponential

The Exponential is also related to the Poisson!

Let X be the amount of time until the first arrival in

a Poisson process with rate λ. Then X ∼ Exp(λ).

Proof: Note that the number of arrls in [0, x] is Pois(λx).

F (x) = Pr(X ≤ x) = 1− Pr(no arrls in [0, x])

= 1− e−λx(λx)0

0!
Pois(λx)

= 1− e−λx.
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4.23 Uniform and Exponential

Erlang Distribution

Definition: Suppose X1, . . . , Xk
iid∼ Exp(λ), and let S =

∑k
i=1Xi. Then S has the Erlangk ditribution with

parameter λ.

The Erlang is simply the sum of i.i.d. exponentials.

Special Case: Erlang1(λ) ∼ Exp(λ).
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4.23 Uniform and Exponential

Erlang Properties

The p.d.f. and c.d.f. are

f(s) =
λke−λssk−1

(k − 1)!
, s ≥ 0,

F (s) = 1−
k−1∑
i=0

e−λs(λs)i

i!
.

Notice that the c.d.f. is the sum of a bunch of Poisson

probabilities. (Won’t do it here, but this observation

helps in the derivation of the c.d.f.)
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4.23 Uniform and Exponential

Expected Value, Variance, and m.g.f.:

E[S] = E[
k∑

i=1
Xi] =

k∑
i=1

E[Xi] = k/λ

Var(S) = k/λ2

MS(t) =
(

λ

λ − t

)k

.
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4.23 Uniform and Exponential

Example: Suppose X and Y are i.i.d. Exp(2). Find

Pr(X + Y < 1).

Pr(X + Y < 1) = 1−
k−1∑
i=0

e−λs(λs)i

i!

= 1−
2−1∑
i=0

e−(2·1)(2 · 1)i

i!

= 0.594
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4.23 Uniform and Exponential

Gamma Distribution

Definition: X has the gamma distribution with pa-

rameters α > 0 and λ > 0 is it has p.d.f.

f(x) =
λαe−λxxα−1

Γ(α)
, x ≥ 0,

where

Γ(α) ≡
∫ ∞
0

tα−1e−6 dt

is the gamma function.
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4.23 Uniform and Exponential

Remark: The gamma distrn generalizes the Erlang

distrn (where α has to to be an integer).

Remark: If α is a positive integer, then Γ(α) = (α−1)!.

Party trick: Γ(1/2) =
√

π.
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4.24 Other Cts Distributions

4.24 Other Continuous Distributions

Triangular

Beta

Weibull

Cauchy

Alphabet Soup

Normal
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4.24 Other Cts Distributions

Triangular(a, b, c) Distribution — good for modeling

RV’s on the basis of limited data (min, mode, max).

f(x) =




2(x−a)
(b−a)(c−a) a < x ≤ b

2(c−x)
(c−b)(c−a) b < x < c

0 otherwise

E[X] =
a + b + c

3
, Var(X) = mess
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4.24 Other Cts Distributions

Beta(a, b) Distribution — good for modeling RV’s

that are restricted to an interval.

f(x) =




Γ(a+b)
Γ(a)Γ(b)x

a−1(1− x)b−1 0 < x < 1

0 otherwise

E[X] =
a

a + b
, Var(X) =

ab

(a + b)2(a + b +1)
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4.24 Other Cts Distributions

Weibull(a, b) Distribution — good for modeling re-

liability models. a is the “scale” parameter, and b is

the “shape” parameter.

f(x) =


 ab(ax)b−1e−(ax)b

x > 0
0 otherwise

F (x) = 1− exp[−(ax)b], x > 0.

E[X] = (1/a)Γ(1+(1/b)), Var(X) = slight mess
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4.24 Other Cts Distributions

Remark: The exponential is a special case of the

Weibull.

Example: Time-to-failure T for a transmitter has a

Weibull distrn with rate a = 1/(200 hrs) and parame-

ter b = 1/3. Then

E[T ] = 200Γ(1+ 3) = 1200 hrs.

The prob that it fails before 2000 hrs is

F (2000) = 1− exp[−(2000/200)(1/3)] = 0.884.
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4.24 Other Cts Distributions

Cauchy distribution — good for disproving things!

f(x) =
1

π(1 + x2)
, x ∈ �.

F (x) =
1

2
+

arctan(x)

π
.
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4.24 Other Cts Distributions

Theorem: The Cauchy distribution has an undefined

mean and infinite variance!

Weird Fact: X1, . . . , Xn
iid∼ Cauchy ⇒ ∑n

i=1 Xi/n ∼ Cauchy.

Even you take the average of a bunch of Cauchys,

you’re right back where you started!

7



4.24 Other Cts Distributions

Alphabet Soup of Other Distrns

χ2 distribution — coming up in the statistics portion

t distribution — coming up

F distribution — coming up

Pareto, LaPlace, Rayleigh, Gumbel distributions

Etc. . .
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4.24 Other Cts Distributions

Normal Distribution

So important that we’ll give it an entire chapter. Here

are some quick tidbits.

X is normal with parameters µ and σ2 if

f(x) =
1√
2πσ2

exp
[−(x − µ)2

2σ2

]
.

f(x) has a “bell-shaped” look. Also,

E[X] = µ, Var(X) = σ2.
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